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BULLETIN 
OF THE 
AMERICAN MATHEMATICAL SOCIETY 


THE THANKSGIVING MEETING IN PASADENA 


The three hundred tenth regular meeting of the Society was 
held at the California Institute of Technology, Saturday, De- 
cember 2, 1933. The meeting was called to order at 9:30 A.M. 
by Professor W. F.Osgood. 

The attendance included the following twenty-four mem- 
bers: 


O. W. Albert, L. D. Ames, H. M. Bacon, Harry Bateman, E. T. Bell, 
C. P. Brady, Myrtie Collier, P. H. Daus, Raymond Garver, H. E. Glazier, 
E. R. Hedrick, Glenn James, D. N. Lehmer, A. D. Michal, W. F. Osgood, 
T. M. Putnam, G. E. F. Sherwood, D. V. Steed, S. E. Urner, Morgan Ward, 
L. E. Wear, W. M. Whyburn, C. L. E. Wolfe, E. R. Worthington. 


Luncheon for members and their guests was served at the 
Athenaeum of the California Institute of Technology. 

The titles of papers read at the meeting follow. Those whose 
abstract numbers are followed by the letter ¢ were read by title. 


1. On the Nevanlinna and Bosanquet-Linfoot summation meth- 
ods, by Dr. A. F. Moursund. (Abstract No. 39-11-325-t.) 

2. Ternary continued fractions in a cubic field, by Professor 
P. H. Daus. (Abstract No. 39-11-326.) 

3. Ternary continued fractions for cubic units, by Professor P. 
H. Daus. (Abstract No. 39-11-327-t.) 

4. A census of squares of order 4, magic in the rows, columns, 
and diagonals, by Professor D. N. Lehmer. (Abstract No. 
39-11-328-2.) 

5. Matrix differential systems, by Professor W. M. Whyburn. 
(Abstract No. 39-11-329.) 

6. On the properties of a determinant function, by Professor 
Clifford Bell. (Abstract No. 39-11-330-t.) 

7. Interpolation in the mathematics of finance, by Professor 
Clifford Bell. (Abstract No. 39-11-331-t.) 
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8. A set of postulates for “Riemannian” differential geometry in 
abstract vector spaces, by Professor A. D. Michal. (Abstract No. 
39-11-332.) 

9. A theory of parallel displacement and curvature for “Rieman- 
nian” differential geometry in abstract vector spaces, by Professor 
A. D. Michal. (Abstract No. 39-11-333-t.) 

10. Existence theorems for analytic solutions of ordinary, cer- 
tain partial, and total differential equations in abstract vector 
spaces (preliminary report), by Professor A. D. Michal. (Ab- 
stract No. 39-11-334-t.) 

11. Analytical and geometrical investigations in normed linear 
algebras with a finite or denumerably infinite basis (preliminary 
report), by Professor A. D. Michal. (Abstract No. 39-11-335-/.) 

12. Abstract dynamical systems and contact transformations 
(preliminary report), by Professor A. D. Michal. (Abstract No. 
39-11-336-t.) 

13. Linear connections and non-Riemannian differential ge- 
ometry in abstract vector spaces, by Professor A. D. Michal.(Ab- 
stract No. 39-11-337-1.) 

14. On definitions of abstract polynomials and analytic func- 
tions in abstract vector spaces, by Professor A. D. Michal. (Ab- 
stract No. 39-11-338-t.) 

15. A critique of the postulate systems for abstract vector spaces 
and abstract Hilbert space, by Professor A. D. Michal. (Ab- 
stract No. 39-11-339-t.) 

16. A partial differential equation connected with the functions 
of the parabolic cylinder, by Professor Harry Bateman. (Ab- 
stract No. 39-11-340.) 

17. Exponential polynomials, by Professor E. T. Bell. (Ab- 
stract No. 39-11-341.) 

18. On the second case of Fermat's last theorem, by Professor 
Glenn James. (Abstract No. 39-11-342.) 

19. On certain methods in dynamics, by Professor W. F. 
Osgood. (Abstract No. 39-11-343.) 

20. A law of reciprocity for the entries in a table of linear forms, 
by Professor D. N. Lehmer. (Abstract No. 40-1-1.) 

21. The diophantine equation X*—DY*?=Z™, by Professor 
Morgan Ward. (Abstract No. 40-1-2.) 
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22. A plane rational curve of order 2k+1, by Dr. D. C. Dun- 
can. (Abstract No. 40-1-3-t.) 


23. The apparent contour of the general V;" in Sy, by Professor 
A. R. Williams. (Abstract No. 40-1-4-t.) 


T. M. Putnam, Associate Secretary 
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THE THANKSGIVING MEETING IN CINCINNATI 


The three hundred ninth regular meeting of the Society was 
held at the University of Cincinnati on Friday and Saturday, 
December 1-2, 1933. About one hundred persons attended the 
meeting, among whom were the following fifty-one members 
of the Society: 

W. E. Anderson, H. F. Archibald, W. L. Ayres, F. R. Bamforth, G. M. 
Bareis, I. A. Barnett, Henry Blumberg, Louis Brand, R. S. Burington, R. D. 
Carmichael, A. B. Coble, L. W. Cohen, L. L. Dines, H. H. Downing, J. D. 
Elder, Arnold Emch, L. M. Graves, Harris Hancock, E. H. Hanson, R. E. 
Hundley, W. R. Hutcherson, M. H. Ingraham, H. S. Kaltenborn, H. J. Ker- 
sten, J. H. Kindle, Lincoln LaPaz, C. G. Latimer, F. E. LeStourgeon, C. I. 
Lubin, C. C. MacDuffee, C. W. Mendel, G. M. Merriman, H. A. Meyer, C. 
N. Moore, M. E. Mullings, Alta Odoms, S. E. Pence, H.S. Pollard, Tibor Rad6, 
G. Y. Rainich, S. E. Rasor, F. W. Reed, C. E. Rhodes, G. W. Starcher, Guy 
Stevenson, A. H. Tappan, H. P. Thielman, Sister M. D. Thuener, O. Veb- 
len, K. P. Williams, E. I. Yowell. 

On Friday afternoon Professor R. D. Carmichael gave an ad- 
dress entitled Functions of exponential type. On Saturday after- 
noon there was a joint meeting with the American Physical So- 
ciety on Spinor analysis at which Professor Otto Laporte spoke 
on Spinors and their significance in modern physics and Professor 
Oswald Veblen spoke on Spinor analysis. There was also a large 
amount of discussion at this meeting. 

Friday evening a dinner was held at the Hotel Sinton-St. 
Nicholas. About fifty persons attended thedinner. Professor 
Harris Hancock of the University of Cincinnati welcomed the 
visiting mathematicians, and President Coble responded to his 
welcome expressing the pleasure of the group in meeting at Cin- 
cinnati. 

Saturday noon the mathematicians and physicists met at a 
joint luncheon at the Mecklenburg Restaurant. About seventy- 
five persons attended this luncheon. 

President A. B. Coble and Professor C. N. Moore presided 
at the meetings on Friday afternoon, President Coble and Pro- 
fessor L. L. Dines on Saturday morning, and Professor J. H. 
Van Vleck at the joint session Saturday afternoon. 

A very pleasant feature of the meeting was the tea served by 
the ladies of the University of Cincinnati to the visiting mathe- 
maticians and physicists on Friday afternoon. 


hy 
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The titles of papers read at the meeting follow. Those whose 
abstract numbers are followed by ¢ were read by title. Mr. P. M. 
Pepper was introduced by Professor C. N. Moore, Mr. H. E. 
Vaughan by Professor W. L. Ayres, Miss Marjorie Leffler by 
Professor Tibor Radé, Mr. W. C. Mitchell by Professor C. N. 
Moore, and Mr. E. S. Akeley by Professor Cornelius Lanczos. 


1. A classification of plane cubic curves under the affine group 
by means of arithmetic invariants, by Professor R. S. Burington. 
(Abstract No. 40-1-5.) 

2. Some remarkable sextic space curves, by Professor Arnold 
Emch. (Abstract No. 39-11-301.) 

3. A ffine-polygenic functions, by Mr. P. M. Pepper. (Abstract 
No. 40-1-6.) 

4. A significant vector in the theory of surfaces, by Professor 
Louis Brand. (Abstract No. 40-1-7.) 

5. On the units in a cyclic field. by Professor C. G. Latimer. 
(Abstract No. 40-1-8.) 

6. Some theorems on connected sets, by Mr. H. E. Vaughan. 
(Abstract No. 40-1-9.) 

7. On the relation between local connectivity and another prop- 
erty, by Professor W. L. Ayres. (Abstract No. 40-1-10.) 

8. On the relative stability of the median and arithmetic mean, 
by Professor H. S. Pollard. (Abstract No. 40-1-11.) 

9. The first and second variations of an n-tuple integral in the 
case of variable limits, by Professor H. A. Simmons. (Abstract 
No. 39-11-303-t.) 

10. A determination of all normal division algebras of degree 
4 over F of characteristic 2, by Professor A. A. Albert. (Abstract 
No. 39-11-300-t.) 

11. On certain imprimitive fields of degree p* over P of charac- 
teristic p, by Professor A. A. Albert. (Abstract No. 39-11-299-t.) 

12. Normal division algebras over a modular field, by Professor 
A. A. Albert. (Abstract No. 39-11-302-t.) 

13. The flexure problem for rectangular beams with slits, by 
Professor D. F. Gunder. (Abstract No. 39-11-298-t.) 

14. An existence theorem for generalized pfaffian systems, by 
Professor J. M. Thomas. (Abstract No. 39-11-297-t.) 

15. Note on potential theory in n-space, by Professor J. J. L. 
Hinrichsen. (Abstract No. 39-11-321-t.) 
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16. On measures of contingency (preliminary report), by Pro- 
fessor F. M. Weida. (Abstract No. 39-11-324-t.) 

17. On a problem of Knaster and Zarankiewicz, by Professor 
J. H. Roberts. (Abstract No. 39-11-323-t.) 

18. Algebraic functions of Stepanoff almost periodic, by Dr. 
R. H. Cameron (National Research Fellow). (Abstract No. 
40-1-12-t.) 

19. On a lemma of Fejér, by Professor Lincoln LaPaz. (Ab- 
stract No. 40-1-13.) 

20. A lemma in potential theory (preliminary report), by Miss 
Marjorie Leffler. (Abstract No. 39-11-322.) 

21. Singularities on maps of surfaces, by Professor G. Y. 
Rainich. (Abstract No. 40-1-14.) 

22. Transformation of an integro-differential equation by means 
of a Volterra transformation, by Professor I. A. Barnett. (Ab- 
stract No. 40-1-15.) 

23. Some properties of Stieltjes integrals, by Mr. H. S. Kalten- 
born. (Abstract No. 40-1-16.) 

24. On convergence factors for double series that are summable of 
non-integral orders, by Professor C. N. Moore. (Abstract No. 
40-1-17.) 

25. Borel-Sannia summability for double series, by Mr. W. C. 
Mitchell. (Abstract No. 39-11-320.) 

26. On the Ceséro mean of double Fourier series, by Miss Alta 
Odoms. (Abstract No. 40-1-18.) 

27. An invariantive characterization of quadratic differential 
forms, by Dr. E. S. Akeley. (Abstract No. 40-1-19.) 

28. A new proof of a theorem of Denjoy, Young, and Saks, by 
Mr. E. H. Hanson. (Abstract No. 40-1-20.) 

29. The equivalence of n-tuples of matrices (preliminary re- 
port), by Professor O. E. Brown. (Abstract No. 40-1-21-t.) 


M. H. INGRAHAM, Associate Secretary 
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BIRKHOFF ON AESTHETIC MEASURE 


Aesthetic Measure. By George D. Birkhoff. Cambridge, Harvard University 
Press, 1933. xvi+226 pp., 23 plates, 10 in color. $7.50. 


Every reader of this Bulletin will find this work thought-provoking. Its 
first appeal is to the analytically-minded aesthetician; but there are questions 
and implications far beyond any specialist’s domain. The reviewer will there- 
fore examine Aesthetic Measure, firstly, as to how well it solves its self-imposed 
problem, and, secondly, as to the relevance of its contribution to aesthetics, 
this term being used in its broadest sense. 

In Chapter 1, Professor Birkhoff presents the following mathematical for- 
mulation of the fundamental problem: ‘‘Within each class of aesthetic objects, 
to define the order O and the complexity C so that their ratio M=O/C yields 
the aesthetic measure of any object in the class.”’ In subsequent chapters, this 
problem is solved for various simple classes of aesthetic objects in great detail. 
The author distinguishes between “formal” and “connotative” associations, 
and explains that “our attention will be directed almost exclusively toward the 
formal side of art, to which alone the basic formula of aesthetic measure can 
be quantitatively applied,” but with “no intention of denying the transcendent 
importance of the connotative side in all creative art.” 

In Chapters 2, 3, and 4, the author elaborately applies his theory to poly- 
gonal forms, ornaments and tilings, and vases—that is, to the more elementary 
fields. The reader stands amazed at the author’s thoroughness. Here minor 
criticisms are beside the point; for the author does seem to establish the 
validity of his formula. In Chapter 2, there is recorded the aesthetic measure 
of 90 polygonal forms, pictured in colored plates. In Chapter 3, five interesting 
full-page plates illustrate species of one- and two-dimensional ornaments. But 
the discussion preliminary to application of the theory, though a neat piece of 
analysis, is sufficiently mathematical to become formidable reading. In Chap- 
ter 4, we meet a difficulty. That the theory “here is to be regarded as more 
questionable than the theories of polygons and ornaments” suggests that the 
more abstract vase form has higher expressiveness. And we sense trouble ahead 
in dealing with an art so abstract as music. The author himself concedes, in 
closing the chapter on vases: “It is an interesting question as to how the ex- 
plicit knowledge that these simple relations exist in a given case affects the 
aesthetic judgment. In my opinion, the effect is slightly adverse, for, in all 
fields of art, it is the intuitively felt relationships which are the most enjoyed.” 

In Chapters 5, 6, and 7, we come to music. In these chapters on chords, 
harmony, and melody, we recognize the author’s perseverance in acquainting 
himself with the many technical matters involved and his patience in enumera- 
tion. We gain the impression that the author, willing to admit the “almost 
transcendental expressive power” of music and its “deep and almost universal 
appeal,” has yet a tendency to pass lightly over certain features which, al- 
though irrelevant for him, are, for many, vital. There is a wide-spread convic- 
tion that an art-work is significant because of what it “means” rather than 
what it “says.” We hold, with Birkhoff, that Gurney’s point of view—that 
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music is Ideal Motion, whose “essential characteristic ...is an absolutely 
unique beauty perceived by an absolutely unique faculty ...”— is hardly 
tenable. Yet must a science of aesthetics necessarily be analytical in the sense 
of Birkhoff to be other than mystical? 

The chapters on harmony and melody present, it is true, a valid formula. 
But what, precisely, is its significance for aesthetics? We find merely a rational- 
ization of rules previously discerned through a study of the masters—and 
made conveniently accessible by Prout’s Harmony and Counterpoint. It is only 
natural that the theory should turn out to be both necessary and sufficient: 
the author finds that no good melody can have a low M, and that no poor 
melody can havea high M. 

Now to some aestheticians, formal structure explains the whole power of 
music. For the musician, however, the major emphasis is elsewhere. The 
musically receptive and discriminative listener requires knowledge neither of 
musical theory nor of aesthetic measure. His query as to the formal is merely: 
shall it be subjected to rational or to intuitive analysis? 

In these chapters, it would not be difficult for the theoretician to propound 
some interesting questions. For example, on page 148, in assigning M=15 to 
the fifth chord sequence in the first brace, and M=16 to the eighth in the 
second brace, does not the author overlook vital elements in musical signifi- 
cance? And how about rests? Every reader of musical material, from either 
the creative or the analytical side, has heard that “it is easy to write notes but 
hard to write rests’—a remark generally attributed to Mozart. Any analysis 
which does not take into account the soul-stirring effect of measures of rest in 
the first movements of Beethoven’s Fifth Symphony and Mozart’s G Minor 
Symphony, can hardly escape classification as inadequate even from an ele- 
mentary standpoint. 

Birkhoff’s analysis of the formal factors in poetry (Chapter 8) renews in- 
terest in the ever-burning question as to the relative merits of views held by 
various schools. Birkhoff says that “the fundamental aim is always to achieve 
the terse, imaginative expression of the poetic idea in metric form by use of 
language of unusual musical quality.” In contrast with this notion stands 
Professor Housman’s* definition of poetry: “I think that to transfuse emotion 
—not to transmit thought, but to set up in the reader’s sense a vibration cor- 
responding to what was felt by the writer—is the peculiar function of poetry.” 
Housman considers poetry “more physical than intellectual,” but maintains 
that “the majority of mankind notoriously and indisputably do not . . . possess 
the organ by which poetry is perceived.” In short, although poetry is not so 
abstract and powerful a medium of expression as music, the vital aim is that 
of music: to stir our feelings through voicing them; and the crucial test is how 
deeply we are stirred! Moreover, in poetry, as in music, the highest desideratum 
is that perfect unification of form and content for which all art strives; and if 
we are concerned with what poetry is rather than with what it is about, it is 
doubtful how much any analysis, of factors abstractly separated, can con- 
tribute to our understanding of the fused whole, where the synthesis is so 
subtle as virtually to defy analysis. We are driven again to query whether the 


* A. E. Housman, The Name and the Nature of Poetry, Macmillan, 1933. 
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meaning of art is so much the information it conveys as what it imparts by way 
of power to apprehend and evaluate experience. 

The author’s appraisals are found in the two concluding chapters, on Earlier 
Aesthetic Theories and on Art and Aesthetics. The contributions of earlier 
writers, beginning with Plato and Aristotle, are interpreted in terms of the 
quantitative theory. To the author “it seems almost obvious that aesthetics, 
if it is to be scientific, must be approached from the analytic point of view and 
must concern itself chiefly with the formal aspects of art.” Thus, when Birkhoff 
comes to Croce, for whom art is the “expression of impressions” and “lyrical 
intuition,” he observes: “Such general philosophical definitions and classifica- 
tions, however true, can never serve as the point of departure for a science of 
aesthetics. They are self-limited and form a kind of philosophic citadel from 
which an attack upon any and all more definite conclusions can be conveniently 
made.” 

Now the science of aesthetics envisaged by Vico, and later brought to flower 
by Croce, excludes by its very nature the type of analysis favored by Birkhoff. 
But this does not mean that Vico or Croce have offered us a mystical theory, or 
something vague in outline or content. To the reviewer it has always seemed 
that Croce, in his Aesthetic, penetrates toward the real heart of the matter. He 
argues ably for a science of intuitive knowledge comparable in importance to a 
science of intellectual knowledge, and stresses the fact that: “The difference 
between a scientific work and a work of art, that is, between an intellectual 
and an intuitive fact, lies in the difference of the total effect aimed at by their 
respective authors. This it is that determines and rules over the several parts of 
each, not these parts separated and considered abstractly in themselves.” 

In this chapter, the author also quotes, in part, two paragraphs from the 
end of Helmholtz’s monumental work on Sensations of Tone. Birkhoff, al- 
though he finds no indication of the quantitative outlook, concludes that 
Helmholtz adheres to the general analytic point of view; for the latter says: 
“No doubt is now entertained that beauty is subject to laws and rules depend- 
ent on the nature of human intelligence ... ” But, as we read the chapter 
from which Birkhoff quotes, it seems to us that Helmholtz distinctly sub- 
ordinates the analytic point of view; indeed, he says: “It is precisely from that 
part of its regular subjection to reason which escapes our conscious apprehen- 
sion that a work of art exalts and delights us, and that the chief effects of the 
artistically beautiful proceed, not from the part which we are able fully to 
analyze.” And Helmholtz decides not “to proceed further into the esthetics of 
music... The real difficulty would lie in the development of the psychical 
motives which here assert themselves. Certainly this is the point where the 
most interesting part of musical esthetics begins, the aim being to explain the 
wonders of great works of art, and to learn the utterances and actions of the 
various affections of the mind.” 

In the concluding chapter, Birkhoff indicates very briefly how application 
of his theory may be made, in decorative design, painting, sculpture, architec- 
ture, and music, to include the qualitative aspects of form. It is shown that 
certain well known maxims—embodied in the principle of “unity in variety”— 
are contained implicitly in the basic formula. But if these maxims have been 
the point of departure for formalism ever since antiquity, does not the author 
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here expose himself to the criticisms levelled at the formalists? After some re- 
marks on evolution of art and on creative art, the chapter, and therewith the 
book, closes with a description—far from convincing to us—of the services 
which the author believes his theory capable of performing both in the aes- 
thetic experience and in the creative process. 

As we lay aside Aesthetic Measure, our first thought is that, for an estimate 
of its relevance, we should view it against a sufficiently broad philosophic 
background. The complete picture must embrace not only man’s intuitive and 
conceptual activities, but also his practical activities, economic and ethical. 

We affirm that the intuitive and the conceptual are indisputably distinct. 
Yet may there not be some parity connecting such representative theoretical 
activities as music and mathematics? If found, this parity should throw into 
even sharper relief the difference between the intuitive and the conceptual—by 
revealing to us more clearly those aspects in which the two are not com- 
parable. 

The reviewer’s contention is that the parity we seek is to be found in the 
striking parallelism between, on the one hand, the manner in which mathe- 
matics, through correspondence, “functions” with formal or quantitative as- 
pects of the concrete to extend our range of conceptual knowledge, and, on the 
other hand, the manner in which music, through association, “functions” with 
connotative or affective aspects of the concrete to enlarge our sphere of intui- 
tive knowledge. Here “function” refers to the interplay between the real and 
the ideal. Thus, on Dewey’s view, both art and science would appear as con- 
trols for progress; to Santayana, both music and mathematics would glory in 
being wholly free and yet useful. We cannot pass, in the sense of establishing 
identical correspondences, from any one realm to another; yet, through com- 
parison and suggestion, we are able to obtain ever-increasing knowledge of 
ourselves and of our physical surroundings. We dare to opine that this func- 
tional dependence of progress on activities both theoretical and practical has 
virtually the same characteristics whether in the domain of the intuitive or the 
conceptual. It must be left to the reader to realize the parity we have conjec- 
tured and the force of its implications. Our own inference from the generaliza- 
tion just advanced is that, until we totally separate music and mathematics, 
art and science, and proceed on the basis of their parity, we shall not be making 
headway. 

C. A. GARABEDIAN 
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PAPPUS’S COLLECTION 


Pappus d’Alexandrie. La Collection Mathématique. CEuvre traduite pour la 
premiére fois du Grec en Frangats, avec une introduction et des notes. By 
Paul Ver Eecke. Paris and Bruges, Desclée De Brouwer, 1933. 2 vols. 
128+364+507 pp. 

It seems strange that such a notable classic as the Collection of Pappus 
should never have been completely translated into any modern European 
language until M. Ver Eecke undertook the task of preparing it for this French 
edition. Commandino had put it in Latin in 1588, this being the best way of 
making it known to scholars of that time; but even this translation, elaborate 
as it was, has since been shown to be quite imperfect. Three centuries had then 
to elapse before any attempt was made at a definitive edition of the work. This 
edition was the work of Dr. Friedrich Hultsch, a scholar of highest rank, and 
it presented both the Greek and the Latin versions based upon a critical study 
of the earliest and most complete manuscripts extant. Sir Thomas Heath speaks 
of it as “one of the first monuments of the revived study of the history of Greek 
mathematics in the last half of the nineteenth century.” Upon this edition 
M. Ver Eecke bases his translation. It should be said, however, that there 
were numerous partial translations, such as that made by Dr. Gerhardt, of 
Books VII and VIII (Halle, 1871). 

Since the publication of the Commandino edition the date of Pappus has 
been more clearly fixed, and we now know that he flourished in the reign of 
Diocletian (284-305). Out of his many works, most of which are lost, his 
Mathematical Collection (Mathematikai synagogai) is the best known. It is a 
kind of synthesis of mathematics as known in his time, with many historical 
notes, and is the source of much of our knowledge of the works of the classical 
period. 

In an elaborate Introduction of more than a hundred pages M. Ver Eecke 
gives a general survey of the known facts relating to Pappus, a statement of 
the nature of each of the extant Books of the Collection, and a list of the vari- 
ous editions consulted. The great value of the translation lies not only in its ap- 
parently careful rendering of the Greek in French, but in the footnotes. The 
latter contain much information concerning the work itself, together with a 
large number of proofs in modern form and of bibliographical notes. 

The contents of the several Books, beginning with the fragment of Propo- 
sition 14 of Book II, are so fully stated by Sir Thomas Heath in his History of 
Greek Mathematics (vol. II, pp. 361-439) as to call for little further notice of 
the subject. It should be said, however, that the arrangement followed by 
Pappus differed greatly from that of Euclid or of Appollonius. The work is 
rather, as the title indicates, a collection of notes on geometry, the number 
theory, and the geometric algebra of the Greeks, than a textbook on any one 
of these subjects. Of the several divisions, Book IV is of particular interest 
because of Pappus’s treatment of the generalized Pythagorean Theorem; of 
the arbelos (shoemaker’s knife) with its inscribed circles; of the spirals studied 
by Euclid, Archimedes, and Conon; of “a certain line used by Nicomedes for 
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the duplication of the cube” (the conchoid); and of the tetragonizousa gramma, 
which in the Latin of Commandino appears as the linea quadrans, known at the 
present time by the late Latin term guadratrix (French guadratrice). Book V 
is also particularly interesting because of its geometric content, especially as 
relates to isoperimetry; maximum and minimum lines, surfaces, and solids; the 
treatment of the sphere and cylinder by Archimedes; and the regular and semi- 
regular solids. Book VII, the Analuomenos topos (Treasury of Analysis), gives 
the clearest statement of the Greeks relating to the distinction between analysis 
and synthesis. It also contains the theorem relating to the volume generated 
by the revolution of a plane surface about an axis, the so-called Guldin The- 
orem. Book VIII treats of theoretical mechanics, and Sir Thomas Heath 
mentions the fact that Carpus (fl. about 100 A.D.), to whom Pappus here 
refers, “seems in reality to have been anticipating the modern view of an angle 
as representing divergence rather than distance” and to have had the idea of 
rotational as distinct from linear measure. 

The French language has been the medium used by two noteworthy his- 
torians of mathematics in the present century, Paul Tannery (most of whose 
works have been edited posthumously by or under the direction of his widow) 
and M. Ver Eecke. The latter has given us other excellent translations of 
the Greek classics,—the works of Archimedes, Apollonius, Diophantus, Theo- 
dosius, and Serenus,—a remarkable achievement in only a few of the years 
allotted to man. Neither of these historians was a member of a university fac- 
ulty; neither was closely connected with any of his country’s schools; Tannery 
held a post in the French tobacco monopoly, and Ver Eecke is an “Ingénieur 
des mines” in Belgium and “Inspecteur général honoraire du travail.” Each 
carried on the traditions of such laymen as Vieta, Fermat, Descartes, and Leib- 
niz—great leaders in the discoveries of knowledge and in opening new vistas 
to all “who have eyes to see.” 

One regret will be voiced by all scholars who have occasion to read these 
volumes, the publication of which has been made possible by the Fondation 
Universitaire de Belgique—they have no index either to each part or to the 
two together. There is not even a table of contents. Without such aids the 
books lose much of their value. A reader who wishes to find a reference to Gul- 
din, the quadratrix, or the glossocome, for example, must thumb through more 
than 800 pages, and even then will be fortunate if he finds what he seeks. It 
is no spirit of fault-finding criticism which will prompt scholars generally to 
express regret that such an omission should be allowed to detract so much from 
the value of a work of this importance. 

That this and the other translations of M. Ver Eecke, mentioned above, 
should be in every college or university library need hardly be suggested. 
They are invaluable to all students of the history of Greek culture in general 
and mathematics, physics, and astronomy in particular. 


Davip EUGENE SMITH 
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BANACH ON LINEAR OPERATIONS 


Théorie des Opérations Linéaires. By Stefan Banach. Warsaw, Monografje 

Matematyczne, Vol. I, 1932. vii+254 pp. 

The present book, the first of the series published by the Monografje 
Matematyzcne, is an enlarged and considerably modified translation of the 
Teorja Operacyi (in Polish) by Banach. It represents a noteworthy climax of 
long series of researches started by Volterra, Fredholm, Hilbert, Hadamard, 
Fréchet, F. Riesz, and successfully continued by Steinhaus, Banach, and their 
pupils. In a short review it is impossible to give even an approximate idea of 
the richness and importance of the material, entirely new to a large extent, 
which is gathered in this book. Roughly speaking the book treats of the field 
which was touched upon by Hildebrandt in his excellent address on linear 
functional transformations in general spaces,* but naturally is considerably 
more extensive and intensive. The theory of linear operations is a fascinating 
field in itself but its importance is still more emphasized by numerous beautiful 
applications to various problems of analysis and function theory (real and 
complex). A number of these applications are contained in the book; a still 
larger number of them, increasing from year to year, are being inspired by the 
ideas developed in the book. An attentive reader will find a constant source of 
inspiration in this monograph which undoubtedly will exercise a great influence 
on the further development of the subject. A description of the contents fol- 
lows. 

In the Introduction (19 pp.) the author recalls some basic properties of 
Lebesgue and Stieltjes integrals, and of metric spaces. Particular attention is 
given to subsets of such spaces, which either are Borel measurable or possess 
the property of Baire, and also to Borel measurable operations transforming 
one metric space into another. In Chapter 1 (Groupes, 6 pp.) the author spe- 
cializes the metric space under consideration by adding the usual postulates 
for groups (with respect to the operation “+”, with inverse designated by 
“—”) and also the two postulates concerning limits: 


implies (— x,) ~(— x); 
Xn —>x and implies (x2 + yn) (x + 9). 


It is proved that every subgroup which possesses Baire’s property and is of the 
second category coincides necessarily with the whole space (assumed to be 
complete). The additive and linear (additive++continuous) operations are in- 
troduced at this early stage. It is proved that the set where a sequence { U,(x)} 
of linear operations converges, or even where it is only bounded, is either 
the whole space or a set of the first category (the space is assumed to be con- 
nected). Chapter 2 (Espaces vectoriels généraux, 9 pp.) deals with linear spaces 
and additive operations defined on such spaces. The central point here is an 
important theorem concerning a possibility of extending to the whole space 


* This Bulletin, vol. 37 (1931), pp. 185-212. 
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an additive functional (a real-valued operation) defined on a linear sub-space. 
Theorems of this kind originated with F. Riesz (in the case of space of con- 
tinuous functions) and the theorem in question was proved independently 
by Hahn. As an application it is shown that every bounded sequence has a 
“limit” which is distributive and possesses some other properties of the usual 
limit, and is always enclosed between the limits of indetermination of the 
sequence. An analogous application is made to show that an arbitrary bounded 
function may be supplied with an “integral,” as well as every bounded linear 
set with a “measure.” In Chapter 3 (Espaces du type (F), 18 pp.) a metric com- 
plete space is specialized to be linear and to satisfy three additional postu- 
lates: 

(x, y) = (« — y,0); 

hn implies hax -+0, where {ha} is a sequence of constants; 


Xn implies hx,—0, where h is a constant. 


A fundamental property of linear operations (transforming such a space E of 
type (F) into a set of another space Ei, also of type (F)) is that the range of a 
linear operation is either a set of the first category in E; or E; itself, while, in 
the case when the transformation (linear) is one to one, it is also bicon- 
tinuous. This chapter contains important applications to the theory of continu- 
ous non-differentiable functions, the continuity of solutions of partial differen- 
tial equations, and the solution of certain systems of infinitely many equations 
of a general type. 

The next specialization is furnished by normed spaces which are metric and 
linear with the metric ||x|| satisfying the postulates 

+ yl] [lel] + = [el [la], 
where c is a constant. A normed space, if it is complete, is designated as a 
space (B). Such spaces have been also introduced by Wiener, independently 
and almost simultaneously with Banach. Chapter 4 (Espaces normés, 25 pp.) 
deals with normed spaces in general. Here we find a determination of the form 
of the most general linear functional in various important special spaces, 
such as spaces of all convergent sequences, (c); of sequences x= {é,} with 
of continuous functions, (C); of measurable functions x(t) with 
|x@|rdt < ©, (L?). 

We find also interesting applications to the theorv of approximation (in vari- 
ous spaces) to a given function by means of linear combinations of functions 
of a given set, and to the moment problem. Chapter 5 (Espaces du type (B), 
18 pp.) deals especially with normed complete spaces. Here we find the fun- 
damental result that if { U,(x)} is a sequence of linear operations, bounded at 
each point of the second category of a space E of type (B), then the sequence of 
norms {||U,||} is bounded. This theorem is the most general among similar 
results of more or less special nature obtained by various other authors. Some 
interesting applications to the comparative study of definitions of summa- 
bility are also found in this chapter. We mention also some results of impor- 
tance for the theory of Fredholm integral equations with kernels of “bounded” 
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type, which are out of the reach of the more powerful theory developed by 
von Neumann and Stone. Chapter 6 (Opérations totalement conti et as- 
sociées, 10 pp.) introduces the notions of the adjoint (or conjugate) operation, 
and of a completely continuous operation, whose importance is so well known 
in the more special theories of integral equations and bilinear forms. Chap- 
ter 7 (Suites biorthogonales, 9 pp.) contains various applications to the gen- 
eral theory of biorthogonal expansions. Of a particular elegance are the results 
concerning factor-sequences leaving invariant the “class” (LZ) or (C) of a 
Fourier series. Chapter 8 (Fonctionnelles linéaires dans les espaces du type (B), 
18 pp.) is devoted to a more detailed study of various sets of linear func- 
tionals in spaces (B). Three important notions are introduced and discussed, 
those of sets of functionals which are regularly closed, transfinitely closed, 
and weakly closed. The two first are shown to be equivalent for every space 
(B), while all three are equivalent in case the space (B) is also separable. Con- 
ditions are given in order that a given set of functionals coincide with the space 
of all the functionals (the conjugate space). Chapter 9 (Suites faiblement con- 
vergentes d’éléments, 12 pp.) gives a discussion of weak convergence, an im- 
portant notion introduced in special cases by F. Riesz. After all these prepara- 
tions the author can easily develop his beautiful theory of linear functional 
equations in Chapter 10 (Equations fonctionnelles linéaires, 20 pp.). As very 
special instances of applications of results of this chapter we may mention the 
theory of non-singular, and some singular, Fredholm integral equations and of 
Hilbert’s theory of limited and completely continuous bilinear forms. The 
power of the method (the basic ideas of which were previously introduced by 
F. Riesz and by Hildebrandt) is due to the fact that it is free from any special 
way of representation of operations in question, such as integrals or matrices, 
but deals directly with operations themselves. 

The last two chapters treat of entirely different questions. These chapters, 
as well as the Appendix at the end of the book, were not present in the Polish 
edition of the book. Chapter 11 (Isométrie, equivalence, isomorphie, 28 pp.) 
discusses various types of correspondences (all of them one to one) between 
two spaces E and E; of type (B). These spaces are called isometric if the cor- 
respondence preserves the norm, isomorphic if this correspondence is linear, 
and equivalent if they are isomorphic and isometric. Some of these notions can 
be of course extended to more general spaces. A rotation of E about a point 
xo is defined as an isometric transformation of E into itself, which leaves invar- 
iant the point xo. Various beautiful results are found in this chapter, of which 
we mention only three: Every isometric transformation of a linear normed 
space into another space of the same type is linear, provided it transforms the 
zero element into the zero element (Mazur and Ulam). Let Q and Q; be two 
metric complete and compact sets. A necessary and sufficient condition that 
they be homeomorphic is that the spaces (Cg) and (Cg,) of real-valued con- 
tinuous functions defined over Q and Q; respectively be isometric. Every 
separable space of type (B) is equivalent toa closed linear sub-space of the space 
(C) of continuous functions; every metric separable space is isometric with a 
sub-space of (C). The expressions for the most general rotations in spaces (C), 
(c), (L®), (/”) are also found in this chapter. Chapter 12 (Dimensions linéaire, 15 
pp.) introduces a method of comparing various spaces according to their lin- 
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ear dimensions. We say that, for two spaces of type (F), (1) dim:zE Sdim:Ei 
if E is isomorphic with a linear closed sub-space of £,; that dim:E=dim;E; 
if also (2) dim:E; SdimE, while dim:E <dim;£, if (1) is satisfied but (2) is not. 
If neither (1) nor (2) is satisfied, the linear dimensions of E and £, are said to 
be incomparable. It should be observed that, while two isomorphic spaces are 
of the same linear dimensions, there exist separable spaces (B) which are not 
isomorphic although their linear dimensions are the same. Special attention 
is given here to spaces (L”) and (/?). It is shown that if dim:(Z”) =dim;(/2), 
where p, g>1, then p=q; if 1<p<2<gq, then the linear dimensions of (L”) 
and (/¢) are incomparable; if 1<p+2, then dim:(Z*) <dim;,(L”); if 
<dim;(L2), where p, g>1, then p=q=2; the condition p=g=2 is necessary 
and sufficient that dim;(L”) =dim;(/2); if 1<p+2, then dim,(L”) >dim;(/?). 
The Appendix (18 pp.) contains an additional discussion of the weak conver- 
gence of elements and of functionals. The book closes with 21 pages of addi- 
tional remarks containing historical information and statements of various 
generalizations of the results in the text, as well as numerous unsolved prob- 
lems. These remarks reveal that the whole subject is in a state of vigorous de- 
velopment. The usefulness of many of these remarks would be considerably 
greater if they contained hints indicating how the results in question have been 
obtained. The exposition as a rule is clear and detailed, although not easy in 
several places. The number of misprints (of which only two are corrected in the 
list of Errata) is not negligible. 

In conclusion the reviewer may express his conviction that Banach’s mono- 
graph should occupy a permanent and honorable place on the desk of every 
one who is interested in the theory of linear operations, to be replaced only by 
subsequent, corrected and augmented editions, which undoubtedly will follow 
before long. 

J. D. TAMARKIN 


SAKS ON INTEGRATION 


Théorie del’ Intégrale. By Stanislaw Saks. Warsaw, Monografje Matematyczne, 

Vol. II, 1933. vii+-290 pp. 

The present volume is the second one of the series Monografje Matema- 
tyczne. It isa translation, entirely revised and augmented by several important 
chapters, of the author’s Polish book, Zarys Teorji Calki, Warsaw, 1930. It 
fills in a serious gap in the literature of the real function theory, and of the 
theory of differentiation and integration, which has been acutely felt during 
all the recent period of vigorous growth and development of these disciplines. 
While Hermite, together with a large part of his contemporaries and immediate 
successors, including Poincaré, contemplated with horror the pathological 
cases of functions without derivatives, the ideas and methods created pre- 
cisely for handling such bad cases turned out to be extremely fruitful and 
indispensable for the treatment of most classical and venerated problems of 
analysis. Far from bringing in the feared anarchy and disorder, they have al- 
lowed us in many instances to reach a harmony and completeness of results 
which were entirely out of the reach of older classical methods. The problems 
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which require essentially a fundamental knowledge of the most modern chap- 
ters of the real function theory are “everywhere dense” in the field of analysis, 
and the mathematician who wants to make any headway in the theory of 
functions of a complex variable, of differential and integral equations, of 
Fourier series, and the like, will find himself badly handicapped if he is not 
well equipped on the side of the real function theory, and particularly of the 
theory of differentiation and integration. But these are precisely the chapters 
which so far have been lacking an adequate treatment in the literature. Ex- 
cept for the treatise of Hobson, which still holds its honorable place, we are 
unable to name any other book or monograph where a serious attempt has 
been made to unify the numberless results scattered throughout all mathe- 
matical periodicals and to give a general picture of the present state of the 
subject. Such an attempt, and a fully successful one, is represented by the book 
of Saks. Its main characteristic unifying feature is the systematic use, from the 
very beginning, of the notion of additive functions of sets. This allows him to 
bring in, with greatest clearness and economy of thought and notation, the 
descriptive theory of various integrals he discusses. At the same time it leads 
very naturally to fundamental problems of the modern differentiation the- 
ory, and to an extensive use of Dini’s derived numbers and of approximate 
derivatives and derived numbers, as well as to the question of the unique de- 
termination of an additive function of sets by means of its derived numbers of 
various sorts. The systematic development of these notions constitutes the very 
nerve of the book. A mathematician who will not avail himself of the rich 
source of information brilliantly presented in Saks’ book will deprive himself 
of the use of valuable ideas and tools which would be of help to him during 
all his “analytical” career. In publishing the present monograph and the pre- 
ceding one by Banach, the Monografje Matematyczne have set up a high 
standard which will be difficult to match. We congratulate them on this 
happy start and we wish to attract to this important undertaking all attention 
of the mathematical world, which it justly deserves. The next books which are 
announced in this series are: K. Kuratowski, Topologie I (Vol. 3); W. Sier- 
pinski, Hypothése du Continu (Vol. 4), and A. Zygmund, Trigonometric series 
(Vol. 5). 

The first five chapters of Saks’s book treat of the theory of functions of 
bounded variation, Lebesgue measure and Lebesgue integral, together with a 
short discussion of the Riemann-Darboux-Stieltjes integral. Without losing 
anything in simplicity or elegance but gaining in generality and clearness, the 
author discusses functions of several variables, rather than those of a single 
variable. An excellent example of application of the foregoing theory presents 
itself in the theory of areas of surfaces given in explicit form z=f(x, y), as 
developed by Lebesgue, Gedcze, Tonelli, and Radé, The exposition of this 
beautiful theory has never been given before in any book; it occupies Chapter 
6. Chapter 7 deals with the notion of a Perron integral and its relationship 
with the integral of Lebesgue. A generalization of the majorant and minorant 
functions introduced by La Vallée Poussin plays an important role here. Chap- 
ters 8 (Functions of generalized bounded variation) and 9 (Theorems on derived 
numbers) contain material which is important in itself and at the same time 
prepares the ground for the theory of the Denjoy integral. Chapter 9 contains 
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a very careful and complete discussion of the problem of unique determination 
of functions of various classes by means of their derivatives or derived numbers 
of various sorts. Chapter 10 is devoted to the integral of Denjoy. The author 
gives here a remarkably clear and concise exposition of this delicate theory 
which he developed in his memoir published in the Fundamenta Mathematicae. 
Chapter 11 contains a careful exposition of some most recent results of the 
theory of the approximate anid total differentials of a function of two variables. 
Some of the results which are discussed here are entirely new. The end of this 
chapter is of a particular significance. It contains a beautiful proof by Menchoff 
(never published before) of the theorem to the effect that if f(z) is continuous 
in a domain and admits of partial derivatives finite everywhere (or even only 
at all points except for a denumerable set), and if these derivatives satisfy the 
Cauchy-Riemann equations, then f(z) is analytic. This discussion represents a 
striking example of what can be achieved in most classical problems of analysis 
by methods of the modern real function theory. The last Chapter is devoted 
to a rapid but fairly complete exposition of the theory of the Lebesgue integral 
in abstract spaces. This theory should have found its way long ago into the 
treatises on the real function theory. The introduction of such a chapter in 
Saks’s book is a welcome innovation. At the end of the book there is an interest- 
ing note by Banach containing a simplified exposition of the theory of measure 
of Haar, which proved to be of extreme importance for the theory of continuous 
groups. The book is supplied with a long (12 pp.) bibliography, interesting in 
itself. The book is very well printed and is practically free from misprints 
(except for those corrected in the Errata). In conclusion we may state our con- 
viction that Saks’s book is eminently suited to be used in a graduate course on 
the real function theory. This opinion has been checked by the reviewer’s per- 
sonal experience. 
J. D. TAMARKIN 
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SHORTER NOTICES 


The Expanding Universe. By Sir Arthur Eddington. New York, Macmillan, 

1933. x-+-182 pp. 

This volume, an enlarged version of a lecture delivered by Eddington at 
the meeting of the International Astronomical Union at Cambridge (Mass.) 
in Sept. 1932, treats the theory of the expanding universe, not as an end in it- 
self, but as a means for determining the cosmical constant which appears in the 
Einstein theory. The subject lies at the meeting point of astronomy, relativity, 
and wave-mechanics. If the theory developed is valid, then (p. 170) ‘‘to meas- 
ure the mass of an electron, a suitable procedure is to make astronomical 
observations of the distances and velocities of the spiral nebulae.” This indi- 
cates the marked interest of the book for all those who delight to meditate on 
the interrelatedness of natural phenomena. 

R. D. CARMICHAEL 


Fourier’ sche Reihen, mit Aufgaben. By J. Wolff. Groningen, P. Noordhoff, 1931. 

60 pp. 

This monograph, written in synoptic form, is an excellent condensation of 
material that is usually developed in many more pages. The choice of material 
is also commendable; the theorems selected are certainly among the most fun- 
damental in the vast number of results concerning Fourier series available in 
classical and modern literature. 

The book is divided into three sections, each accompanied by a valuable set 
of exercises. Many of the exercises, indeed, involve fundamental results in the 
theory of Fourier series which are sufficiently closely related to theorems in 
the text to justify having their development left to a student possessing 
initiative. The first two sections of the book can be read by those familiar only 
with the Riemann integral. The third section presupposes a knowledge of the 
theory of the Lebesgue integral. 

Among results presented in the first section are criteria for convergence of 
the Fourier series for functions satisfying Lipschitz conditions, and functions 
which are monotonic, or of bounded variation, both in connection with con- 
vergence at a point and uniform convergence in an interval. There is also given 
an example of a continuous function whose Fourier series diverges at a point. 

The second section contains a discussion of summability (C 1) of the Fourier 
series, the best approximation property, in the sense of least squares, of the 
Fourier partial sums, Fejér trigonometric polynomials, Parseval’s theorem, 
some of Riemann’s theory of trigonometric series in general, and some of 
Cantor’s work on the uniqueness of Fourier developments. The Fourier in- 
tegral is treated in the exercises. 

The third section begins with the extension of classical results to Lebesgue 
integrable functions. Then, after certain properties of such functions are dis- 
cussed, some of the recent results depending essentially on Lebesgue integra- 
tion are obtained. There is a discussion of the convergence criteria due to de la 
Vallée Poussin, Lebesgue, and W. H. Young, and some of Fatou’s results in 
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connection with the Poisson integral. The Riesz-Fischer theorem and other 
important results are given in the exercises. 

The book as a whole should certainly serve as an excellent adjunct to a 
course in Fourier series, both for students of pure mathematics and of mathe- 
matical physics. It could also serve well as a guide to a student attempting to 
make progress in the theory by means of individual study. In this case it would 
be advisable to use it in connection with other texts where the treatment is less 
condensed. Finally, it is an excellent reference work for those already familiar 
with the theory who desire a compact summary of the most outstanding results. 

C. N. Moore 


Einfiihrung in die Theorie der kontinuierlichen Gruppen. By Dr. Gerhard 
Kowalewski. (Mathematik und ihre Anwendungen, Band 9.) Leipzig, 
Akademische Verlagsgesellschaft, 1931. 10+396 pp. 


This attractive volume is a distinctly worth while addition to the literature 
of the Lie theory of continuous groups. The author, himself an erstwhile stu- 
dent of Lie’s, has lectured at various times on this subject at a number of Ger- 
man universities, and from these courses, and from a basis of notes and recol- 
lections of conversations with Lie, the present work is professed to have sprung. 
The presentation is made with care and skill and is distinctly readable. With 
the introduction of each new concept the author avails himself of illustrative 
material from geometry or mechanics to help set forth the idea itself prepara- 
tory to its formulation in analytical garb. Thus, at the very beginning a con- 
sideration of the steady two-dimensional flow of a fluid is made to yield the con- 
cepts of the group of infinitesimal transformations, the path curves, the inte- 
grated finite transformations, etc. Critical remarks are freely interspersed in 
the text and add life to the presentation. At appropriate intervals the theory 
is summarized, and is consolidated now and again by detailed and sometimes 
lengthy discussions of important and interesting special cases. 

Despite the smoothness of its exposition the book requires of the reader a 
considerable measure of mathematical maturity. A familiarity with the 
analysis necessary and incidental to the discussion is assumed without ques- 
tion. The work is not to be thought of, therefore, as one designed or suited to 
give a hasty and superficial acquaintance with the subject. On the contrary it 
seeks to present the theory in as complete a form as possible, and to this end 
the author has sought to incorporate with the fundamental work of Lie the 
important results of such modern investigators as Cartan and F. Schur. 

The volume is one of 394 pages and is divided into four chapters. The first 
of these, entitled Infinitesimal Transformations and One-Parameter Groups, 
begins with the fundamental definitions and extends through a discussion of 
the integration of Lagrangian and Pfaffian systems of equations. The remaining 
chapters are given respectively to Multiple-Parameter Groups and Their In- 
finitesimal Transformations, to Lie’s Fundamental Theorems, and to Groups of 
Transformations on the Line and in the Plane. 

The book will be indispensable to workers in its field, and is generally to be 
recommended. 

R. E. LANGER 
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Vector Analysis. By H. B. Phillips. New York, John Wiley and Sons, 1933. 
viiit+236 pp. 

The following quotation from the preface will give some idea of the con- 
tents: “In broad outline the book consists of two parts. The first five chapters 
cover the fundamental operations and the more general properties of scalar 
and vector fields. The remaining chapters contain the detailed analysis of fields, 
the properties of potentials, and linear vector functions. In an elementary 
course the work might be restricted mainly to the first five chapters together 
with selected topics from the others.” The first part includes, in addition to 
chapters on the algebra and calculus of vectors, a discussion of line, surface, 
and volume integrals, Stokes’s theorem, the divergence theorem, and gen- 
eralized coordinates. The last five chapters contain applications to electricity 
and hydrodynamics, an introduction to potential theory, and a chapter on 
dyadics. Although the material covered can hardly be classified as easy for an 
undergraduate, the author has succeeded in making his presentation as ele- 
mentary as the nature of the subject matter allows. There are 235 problems. 
We believe the book contains excellent material, well presented, for a semester’s 
work following advanced calculus. 

The following comment is not to be taken in any way as a criticism of the 
book under review. It is our opinion that the usefulness of the Gibbs vector 
notation is much overrated. For most purposes the representation of a vector 
by a typical component, using the symmetric subscript notation and the double 
index summation convention, is far more efficient. For an exposition of this 
notation the reader is referred to the recent book, Cartesian Tensors, by 
Jeffreys, or to Vector Analysis and Relativity, by Murnaghan. 

C. A. SHoox 


Differentialgeometrie. By L. Bieberbach. Teubner’s Mathematische Leitfaden, 

Volume 31. Berlin, Teubner, 1932. vi+140 pp. 

I quote from the preface: The purpose of this “Leitfaden” is to give an 
introduction to the differential geometry of real curves and surfaces of the 
euclidean plane and euclidean space. The endeavor is made throughout to do 
this with the least possible prerequisite knowledge. In general only the ele- 
ments of the differential and integral calculus and of analytic geometry are 
necessary, the last indeed in vector form... . “Ich hoffe weiter, dass man in 
meinem Buche kein saloppen Gedankenginge finden wird, keine unsauberen 
Schliisse von der Art wie sie auch die moderne Literatur iiber Differentialgeo- 
metrie leider so oft noch beherbergt—als Uberreste aus der Pliischmdébelziet 
und als Verstandesschoner.” 

The book is an extraordinarily good, rigorous, and short presentation of 
the principal elementary results of differential geometry with the inclusion 
of a good deal of interesting matter not usually to be found in a first book on the 
subject. There are only 132 pages of text, which are divided into three chap- 
ters: 1. Curves in the Euclidean Plane (pp. 1-29); 2. Curvesin Euclidean Space 
(pp. 30-46); 3. Surfaces in Euclidean Space (pp. 47-132). The last ten pages of 
the third chapter give an introduction to the tensor calculus. 

The presentation of the subject is clear and careful; much more attention is 
paid to rigor than is customary in books on Differential Geometry. The treat- 
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ment is extremely compact, a fact mostly due doubtless to the use of vector 
methods. The author has a light touch and frequently brings a smile to the 
face of the reader by his sarcastic comments on other (unnamed) writers. I 
think the book a very good one for anyone familiar with the subject, but that 
it should serve a beginner as a “leading string” seems to me not possible; that 
a student with the slight mathematical knowledge supposed to be necessary 
for the study of the book should be able to learn the subject from it or to ac- 
quire an interest in it does not seem likely. The discussion is somewhat uneven, 
often rather difficult; again, when the author remembers that he is writing a 
“Leitfaden,” of extreme simplicity. I question whether the use of the vector 
method is the best way to begin the study of differential geometry, whether 
the use of machinery almost inevitably strange and difficult for a student of 
modest equipment will not distract his mind from the great geometrical interest 
of the subject. Without doubt the method is generally short and elegant, 
but there are occasions where to me it seems forced and clumsy. Moreover I 
am not convinced that the vector method furnishes a very good introduction 
to the tensor calculus; I am doubtful whether an introduction to the tensor 
calculus should appear in a “Leitfaden” in differential geometry, for I am 
not yet persuaded that the chief purpose of classical differential geometry is 
to serve as an introduction to the geometry of m dimensions. 

Certainly there is little in the book with which one may find fault, but I 
do deprecate the writing of the Christoffel symbols in their historic forms when 
the summation convention is to be used. This convention is common and is 
very useful; it is introduced in the usual way on page 47 of the book. The two 
Christoffel symbols are introduced on pages 61 and 62,—the symbol of the 
second kind, it may be noted in connection with the second footnote of page 
25, in a highly artificial way. The symbols are used continually with the sum- 
mation convention throughout the remainder of the book. As the symbols are 
written the upper and lower indices are in total confusion. I think that Bieber- 
bach should follow L. P. Eisenhart in his change in the writing of the symbols, 
as given in his Riemannian Geometry on page 17. 

On pages 92-95 there isa long proof of the very interesting Gauss-Bonnet 
integral formula, generally omitted in elementary texts, with applications in 
the following pages. To this proof is appended in a footnote heavy sarcasm to 
the effect: “I do not know whether one may conclude that those authors have 
a proof which is so short that it may be left to the readers of a textbook.” I 
hasten to state that I do not question the essential correctness of Bieber- 
bach’s proof, but he is, in his proof, chiefly concerned with the evaluation of 
an integral, {dw, where w is the angle measured from the vector tangent to a 
parametric curve to the vector tangent to the curve along which the integral 
is taken; the integral is found by the integration of dw/ds with respect to s, 
the arc. The result is immediately applied to a vertex where w changes but ds 
is zero. In the same proof on page 94 is the statement: “the total angle turned 
by the tangent as it (the point of contact) describes the curve, is, from con- 
siderations of continuity already used, equal to the total angle turned by a 
chord joining points sufficiently near.” I can not help thinking of plush furni- 


ture. But I think too that this is a very excellent book. 
J. K. WHITTEMORE 
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Exercices d’Analyse. By Gaston Julia. Paris, Gauthier-Villars. Vol. 2, 1932, 
iv+344 pp.; Vol. 3, 1933, iv-+-287 pp. 

These two additional volumes of exercises in analysis continue in the same 
spirit as that of the first volume which was reviewed by E. Hille in this Bulle- 
tin, vol. 35, p. 739. Indeed the method adopted for all three books is the same, 
namely that of treating (solving) each of a relatively small number of prob- 
lems in several very distinct ways and of comparing the different methods em- 
ployed in these solutions. The volumes constitute a set of varied exercises 
which figure in the programme of certification of the differential and integral 
calculus at the Ecole Normale Supérieure, the Sorbonne, and other schools. 
They in no sense replace the material of Goursat’s Cours d’ Analyse, but are, 
rather, companion volumes designed primarily for those students preparing for 
the examinations of the licence and the aggrégation. Some of the exercises are 
new while others have been taken from past examinations. In volume 2 (analy- 
sis), Chapters 2 and 4 and parts of Chapters 1 and 5, being descriptive in char- 
acter, are more like the standard text-book. The third volume (differential 
equations) is given over wholly to the 45 problems contained therein. 

Most of the problems have at least two solutions, some have as many as 
four. The results as well as the methods employed are made use of in applica- 
tions which accompany the solutions; and there are such applications or re- 
marks associated with almost every exercise. The tables of contents themselves 
number 12 pages and 17 pages, respectively. It would not be feasible, therefore, 
to consider here and in detail the variety of topics discussed; but the chapter 
headings of the two volumes will give some indication of the scope of the works. 
These are, in condensed form: vol. 2, (1) Analytic functions, (2) Development in 
series, (3) Residues, (4) Analytic transformations, (5) Conformal mapping; 
vol. 3, (1) Methods of integration (in which are treated integration by quadra- 
tures, Riccati’s equation, etc.), (2) Linear equations (with special reference 
to singular points, transformations, etc.), (3) Singular integrals. 

It is evident that the high standards of achievement required of the French 
student of mathematics can be matched by no such requirements even in the 
very best of our American universities. 

C. O. OAKLEY 


Lehrbuch der hoheren Mathematik fiir Universitaten und Technische Hochschulen. 
By Gerhard Kowalewski. Berlin and Leipzig, Walter de Gruyter, 1933. 
Vol. I, 208 pp., Vol. II, 240 pp. 


These two volumes will be followed by a third; the three volumes were 
prepared by Professor Kowalewski (Dresden) after nearly thirty years teach- 
ing experience. Beginning with analytic geometry he develops a wide variety 
of mathematical topics following an order of arrangement and methods of 
presentation which are not customary to American texts. In the first volume, 
Vektorrechnung und Analytische Geometrie, after defining vectors, vector opera- 
tions, and vector properties, he uses vector notions to develop the theory and 
use of homogeneous coordinates for the points of a plane and of a line, the 
transformation of coordinates, principal properties of determinants, some 
geometric properties of triangles and quadrilaterals, homogeneous and non- 
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homogeneous systems of linear equations, and anharmonic ratio. After some 
applications to spherical trigonometry and to statics he discusses without using 
vectors the following topics in the order named: rotation in the plane, coaxial 
quaternions and ordinary complex numbers, spirals, linear fractional trans- 
formations, reflection on a circle and on a line, fundamental geometric forms 
of the first kind and projective relations between them, involutions on one- 
dimensional forms, Pascal’s theorem, projectivities between planes, projective 
generation of conics, etc. 

The second volume has two divisions. In the first, Hauptpunkte der Analy- 
tischen Geometrie des Raumes, the projective properties of ordinary space and 
of quadric surfaces are treated; in the second part, Grundbegriffe der Differ- 
ential- und Integralrechnung, rigorous treatments are given of convergent 
sequences, limiting values, the operation of passing to a limit, and the deriva- 
tive and differential of a function. After computing the derivatives of some 
elementary functions, he studies the Leibnitz fundamental theorem, namely, 
dF(u) = F’(u)du, where u=f(x), then the mean value theorem, and closes with 
the use of integration to determine areas of plane surfaces and lengths of 
curves. 

Since the book is designed for Hochschulen as well as for Universitdten 
the reviewer assumes that the student would have no previous knowledge of 
the subjects treated and believes that these books alone would not give an 
adequate knowledge of analytic geometry or of projective geometry or of the 
calculus, though they might be used to advantage to supplement texts which 
are more elementary and at the same time more complete, or to follow a first 
and more complete treatment of the subjects enumerated. There are few ex- 
amples and no exercises for the student, nor is there a prefatory word from the 
author to give a clue either as to the mathematical maturity of the students 
for whom his books are intended or as to the length of time he would expect 
them to spend on this amount of material. 

Mayme I. Locspon 


Krise und Neuaufbau in den exakten Wissenschaften. Fiinf Wiener Vortrage. 
Leipzig and Wien, Deuticke, 1933. iv-+123 pp. 


This volume consists of five general addresses on the present state of phys- 
ics, with authors and titles (in translation) as follows: 


Hermann Mark: The shock of classical physics due to experiment. 
Hans Thirring: The transformation of the system of concepts of physics. 
Hans Hahn: The crisis in outlook (Anschauung). 
Georg Noébeling: The fourth dimension and curved space. 
Karl Menger: The new logic. 
R. D. CARMICHAEL 
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NOTES 


The founding of an international mathematical journal, Compositio 
Mathematica, is announced by its publisher, N. Noordhoff, of Groningen. The 
administrative board of editors consists of L. Bieberbach, of Berlin, L. E. J. 
Brouwer, of Amsterdam, T. De Donder, of Brussels, G. Julia, of Paris, and 
B. M. Wilson, of Dundee. They are assisted by nearly fifty editors, represent- 
ing all the principal mathematical countries, including the following Ameri- 
cans: L. P. Eisenhart, E. Hille, S. Lefschetz, and O. Veblen. 


Arrangements have been completed for the publication, through the offices 
of the American Institute of Physics, of the Journal of the Aeronautical 
Sciences, the official organ of the newly established Institute of Aeronautical 
Sciences. The Journal will be edited by the president of the Institute, Pro- 
fessor J. C. Hunsaker, head of the department of mechanical engineering at 
the Massachusetts Institute of Technology. The business of the Institute of 
Aeronautical Sciences, including the handling of membership applications and 
subscriptions to the Journal, will be carried on at its office, 5431 R. C. A. 
Building, Rockefeller Center, New York City. 


An edition of the complete works of H. A. Lorentz is being prepared, under 
the editorship of P. Zeeman, P. Ehrenfest, and A. D. Fokker. The edition will 
be in nine volumes, and will include all treatises that have not already ap- 
peared in book form. The publisher is Martinus Nijhoff, of the Hague. 


At a meeting held at Centenary College, Shreveport, Louisiana, on October 
21, 1933, the Southern Intercollegiate Mathematics Association was founded, 
“to promote and support contests in mathematics and to encourage mutual 
and intellectual fellowship among its members.” The following officers were 
elected: president, I. Maizlish, of Centenary College; vice-president, J. E. 
Burnam, of Simmons University; secretary-treasurer, Frances White, of 
Louisiana Polytechnic Institute. 


The Nobel prize in physics for 1932 has been awarded to Werner Heisen- 
berg, of Leipzig; the award for 1933 has been divided between Erwin Schré- 
dinger, of Berlin, and P. A. M. Dirac, of Cambridge. 


Professors F. Paschen, formerly director of the Reichsanstalt, Berlin, A. 
Sommerfeld, of the University of Munich, and R. W. Wood, of Johns Hopkins 
University, have been elected honorary fellows of the Physical Society of Lon- 
don. 


The University of St. Andrews has conferred an honorary doctorate on 
Emeritus Professor J. E. A. Steggall, who has recently retired after fifty years 
of service in the chair of mathematics in University College, Dundee. 


On the occasion of the celebration of the fiftieth anniversary of the founding 
of the Graduate School of the University of Pennsylvania, Dr. L. P. Eisenhart, 


— 
—— 
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dean of the Graduate School of Princeton University, received the honorary 
degree of doctor of science. 


J. LeRoux, professor of rational mechanics at the University of Rennes, 
has retired with the title of honorary professor. 


Professor Alfred Loewy, of the department of mathematics of the Uni- 
versity of Freiburg, has retired. 


Professor L. C. Karpinski, of the University of Michigan, will lecture on 
various topics in the history of mathematics at the Universities of Athens, 
Cairo, Beirut, and Jerusalem, during the first half of the present academic year. 


After attending the International Congress on Statistics held in Mexico, 
Professor Maurice Fréchet, of the University of Paris, delivered lectures at a 
number of universities in the United States. On November 2-3, he lectured 
at Columbia University on The theory of dependent probabilities. 


Professor Hermann Weyl, formerly of Géttingen and recently appointed 
to a professorship at the Institute for Advanced Study, delivered the following 
series of lectures at Swarthmore College in October and November, 1933: 
Subjective elements in sense perception; World and consciousness; Constructive 
character of scientific concepts and theories; Relativity; Subject and object in 
quantum physics. 


In addition to those whose names were given in a note in the September, 
1933, issue of this Bulletin (p. 664), the following persons are in residence dur- 
ing the present academic year in the school of mathematics of the Institute 
for Advanced Study at Princeton: Dr. R. L. Echols, Dr. D. H. Lehmer, Dr. 
Mabel F. Schmeiser, Dr. I. J. Schoenberg, Dr. Anna A. Stafford. 


Dr. T. C. Benton, of Pennsylvania State College, has been promoted to 
an assistant professorship. 


Dr. Richard Brauer, formerly of the University of Koenigsberg, is spending 
the present year at the University of Kentucky as visiting professor of mathe- 
matics. In the November, 1933, issue of this Bulletin, p. 859, his name was 
given erroneously as Felix Brauer. 


Dr. R. S. Burington has been promoted to an assistant professorship of 
mathematics at the Case School of Applied Science. 


Assistant Professor H. B. Curry, of Pennsylvania State College, has been 
promoted to an associate professorship. 


Professor James Franck, formerly of Gottingen, was the joint guest of 
the physics departments of Harvard University and the Massachusetts Insti- 
tute of Technology during the month of December, 1933. 


Associate Professor Orrin Frink, of Pennsylvania State College, has been 
promoted to a full professorship of mathematics. 


Mr. W. H. Ingram has been appointed lecturer at the College of the City 
of New York. 


1934-] NOTES 27 


The Abbé Georges Lemaitre, professor of astrophysics at the University of 
Louvain, has been appointed visiting professor at the Catholic University of 
America for the present academic year. 


Professor John von Neumann, of Princeton University, has been appointed 
professor of mathematics at the Institute for Advanced Study. 


Dr. H. H. Pixley, of the College of the City of Detroit, has been granted 
leave of absence to serve as mathematical economist in the Division of Eco- 
nomic Research and Planning of the National Recovery Administration. 


Associate Professor C. A. Rupp, of Pennsylvania State College, has been 
promoted to a professorship of mathematics. 


Assistant Professor I. M. Sheffer, of Pennsylvania State College, has been 
promoted to an associate professorship. 


Associate Professor C. C. Wagner, of Pennsylvania State College, has been 
promoted to a professorship. 


The following appointment to an instructorship in mathematics is an- 
nounced: 


Johns Hopkins University: Dr. J. L. Dorroh. 


The widow of the late Dr. J. C. Glashan, distinguished Canadian mathe- 
matician, desires to dispose of his library, which consists of about five thousand 
volumes, chiefly modern treatises on pure and applied mathematics. Contact 
with the owner may be made through Professor James T. Shotwell, of the Car- 
negie Endowment for International Peace, 450 West 117th St., New York 
City. 


Dr. P. Ehrenfest, professor of theoretical physics at the University of 
Leiden, committed suicide on September 25, 1933. 


P. Forchheimer, formerly professor at the Technical School of Graz and 
later director of the Technical School at Constantinople, died at the age of 
eighty-two. 


Mr. E. B. Hill, assistant actuary of the Aetna Life Insurance Company, 
died October 13, 1933, at the age of forty-eight. 


Professor A. B. Morton, of the Georgia School of Technology, died October 
13, 1933. Professor Morton was a member of the American Mathematical 
Society. 


Miss Mary F. Smith, College Recorder of Wellesley College, is dead. Miss 
Smith was a member of the American Mathematical Society. 
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ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary 
and the Associate Secretaries of the Society for presentation at 
meetings of the Society. They are numbered serially throughout 
this volume. Cross-references to them in the reports of the 
meetings will give the number of this volume, the number of 
this issue, and the serial number of the abstract. 


1. Professor D. N. Lehmer: A law of reciprocity for the entries 
tn a table of linear forms. 


In constructing tables of linear forms for use in making his factor stencils 
the author found the following theorem of prime importance: If A and B are 
entries in any table, so also is the product AB an entry. This theorem suggested 
a close analogy between the theory of the entries in these tables and the theory 
of quadratic residues. This analogy is far reaching. It leads to the following 
analog of Legendre’s Law of Reciprocity: If P and Q are two odd primes, 
then P is an entry in the table for Q whenever Q in an entry in the table for P 
unless P and Q are both of the form 4n—1, in which case if P is in the table 
for Q, Q will not be in the table for P. Easy modifications are necessary for 
negative values of P and Q. Linear form tables may also be constructed giving 
the tables which have a given entry. (Received November 6, 1933.) 


2. Professor Morgan Ward: The diophantine equation 
2_ DY2=2Z™, 

All relatively prime integral solutions of the diophantine equation X? 
—DY?=Z™ are obtained by the use of ideals under the assumptions that D 
is square-free, incongruent to one modulo 8, while M is any positive integer 
prime to the class number of the quadratic field K(D'/2). The formulas correct 
and extend earlier attempts by Pepin and others to solve the equation, and 
are applied to discuss the solution of various allied diophantine equations. 
(Received November 8, 1933.) 


3. Dr. D.C. Duncan: A plane rational curve of order 2k+1. 


In an earlier paper (to appear in a forthcoming issue of this Bulletin) the 
writer has established the existence of real, non-degenerate, completely sym- 
metric, self-dual, elliptic curves of order 4k+2, with the singularities all dis- 
tinct, together with a plan for sketching them approximately. In the present 
paper one observes that the completely symmetric, self-dual rational curve 
with its singular elements all distinct has a real existence for all orders. More- 
over, a very good approximation of such a locus of order n (i.e., 2k+1) is 
realized by drawing secant lines through all consecutive pairs of n—2 points 


= 
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equally distributed around a circle, omitting the chords. The »—2 acnodes 
appear within the circle between consecutive cusps. These rational curves are 
also invariant under 4k—2 collineations and 4k—2 correlations, of which 2k 
are polarities, all of which are listed. The (2k+1)? foci are shown to admit fairly 
easy determination. The equations in Cartesian rectangular coordinates are 
given for the curves of orders 5, 7, and 9, together with a sketch of the locus 
of order 9, depicting all the singular elements and autopolarizing conics. 
(Received November 10, 1933.) 


4. Professor A. R. Williams: The apparent contour of the gen- 
eral V3" in Sy. 


It is the purpose of this paper to study the surface obtained by intersecting 
with a 3-space the hypercone of tangents drawn toa hypersurface V3" in S; from 
a point O. The two cases when O is not a point of V, and when it is on V, are 
considered in that order. Results obtained are checked by the known formulas 
for surfaces in S3. (Received November 10, 1933.) 


5. Professor R. S. Burington: A classification of plane cubic 
curves under the affine group by means of arithmetic invariants. 


In this paper a system of arithmetic invariants is exhibited which is suffi- 
cient to give a complete separation of real ternary cubics, under the real affine 
group, into 110 species and 42 canonical forms. Associated with the cubic, C, 
is a certain set of matrices whose ranks and signatures serve to make the 
division into species. A prominent part is played by the matrix of the quad- 
ratic hessian of C, and by certain quartic covariants and their discriminant 
matrices. The appearance of certain families of cubics in recent electrical work 
should add interest to the results of this paper. (Received November 8, 1933.) 


6. Mr. P. M. Pepper: A ffine-polygenic functions. 


That the real and imaginary parts of w(z)=u(x, y)+iv(x, y) satisfy at 
every point in a given region R a pair of partial differential equations of the 
type u.+aw,—aw,=0, a1, a2 real, a1*0, characterizes 
all functions w(z) analytic throughout R in some variable Z=X+iY, X =aux 
+anyt+aiz, ai; real, The particular trans- 
formation X =a,x-++-a2y, Y=y will always yield analyticity. Given w(z), sub- 
stitution of the specific functions uz, uy, vz, vy in the above differential equations 
and solution for a; and a2 in terms of these partial derivatives affords a test for 
transformability and if w(z) is thus transformable, yields, simultaneously, the 
constants a; and a: of a transformation. Integrals of such functions about closed 
contours are expressible as line integrals and as area integrals of analytic func- 
tions: f w(z)dz= f(Z)(dX —idY) = FiK Jf f'(Z)dXdY, f(Z) and f'(Z) 
being, respectively, the transform of w(z) and the derivative of this transform 
with respect to Z. The first two integrals are taken about, respectively, the 
original contour and the transformed contour, the third integral is taken over 
the area enclosed by the transformed contour. The constant K has the value 
(1 —a; —ta2)/a:. The upper or lower signs are taken according as a; is positive 
or negative. (Received November 8, 1933). 
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7. Professor Louis Brand: A significant vector in the theory of 
surfaces. 


If a portion of a surface is simply covered by a field of curves of unit tan- 
gent vector a, we may form at every point a unique trihedral anb, where n 
is the unit surface normal and b=a Xz. As the point P moves with unit speed 
along a surface curve of unit tangent ¢, the angular velocity © of the trihedral 
anb is a function of the position of P and of the direction ¢. In fact Q=t- 4, 
where ® is a dyadic function of position. This dyadic may be expressed as 
&=Qn—VnXn, where Vn is the surface gradient of m. This paper deals 
with the properties of the vector Q thus defined. The integrability conditions 
for the surface are summarized in n-rot @=n- #2, where #2 is the second of 
# in the sense of Gibbs. In particular n- rotVn =0 gives the Codazzi equations, 
while n- rot Q= —K gives the equation of Gauss, and at the same time is the 
vector expression of Gauss’ Theorema Egregium on the total curvature K. The 
integral form of this equation, namely do = — $t-Q ds is precisely Bonnet’s 
Integral Formula. (Received November 7, 1933.) 


8. Professor C. G. Latimer: On the units in a cyclic field. 


In this paper three theorems are proved on the existence of certain types 
of systems of fundamental units in a cyclic field F. If F is imaginary, it is shown 
that there is a fundamental system in which every unit is real. If F is obtained 
by composition of two fields F; and Fs, it is shown that a fundamental system 
in F; together with a fundamental system in F2 and certain other units form a 
fundamental system in F. In another paper the writer expressed the class 
number of F in terms of an ideal in a certain commutative ring. It is shown 
that F contains a unit such that certain of its conjugates form a fundamental 
system if and only if this ideal is a principal ideal. (Received November 10, 
1933.) 


9. Mr. H. E. Vaughan: Some theorems on connected sets. 


This paper contains theorems on connected sets and sets irreducibly con- 
nected about subsets. Some of these are generalizations of theorems in sections 
one and two of the paper Sur les ensembles connexes by Knaster and Kura- 
towski (Fundamenta Mathematicae, vol. 2). (Received November 9, 1933.) 


10. Professor W. L. Ayres: On the relation between local connec- 
tivity and another property. 


Kuratowski and Hahn have shown that a continuum is locally connected 
at every point if and only if for each point p every neighborhood of ~ contains 
a connected neighborhood of ~. In this note these properties are considered 
for a single point ~ of the continuum and it is shown they are not equivalent. 
This question arose in connection with a conjecture of W. A. Wilson (American 
Journal of Mathematics, vol. 54, p. 382), which is shown to be false. (Received 
November 9, 1933.) 


— 
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11. Professor H. S. Pollard: On the relative stability of the 
median and arithmetic mean. 


In this paper the relative stability of the median and arithmetic mean of 
frequency distributions which may be dissected into two and three normal 
distributions is investigated. The measure of stability employed is the standard 
deviation of these averages. It is shown that the formula which is ordinarily 
used to calculate the standard deviation of the median yields only an approxi- 
mation to its actual value, and that for samples which do not contain a fairly 
large number of items and for distributions in which the median is located at 
a point of relatively small frequency this approximation may be untrustworthy. 
A second method of determining the relative stability of the two averages is 
then developed. The frequency functions according to which the arithmetic 
means and medians of samples drawn from a given distribution are distributed 
are obtained, and the deviations of corresponding percentiles of the two aver- 
ages are compared. Both methods of determining the relative stability of the 
median and mean are applied to a particular sequence of economic data. 
(Received November 27, 1933.) 


12. Dr. R. H. Cameron (National Research Fellow): Alge- 
braic functions of Stepanoff almost periodic. 


In this paper sufficient conditions are given under which a polynomial equa- 
tion with Stepanoff almost periodic coefficients will have Stepanoff almost 
periodic solutions. (Received November 8, 1933.) 


13. Professor Lincoln La Paz: On a lemma of Fejér. 


L. Fejér (Mathematische Annalen, vol. 61 (1905), p. 432) has verified and 
used the following lemma: If y’’ = F(x, y, y’) is the Euler equation of the varia- 
tion problem i f(x, y)o(y’)dx, then y’’ = — F(x, y, y’) is the Euler equation 
of the problem in [¢(y’)/f(x, y)]dx. In the present paper the following 
generalization of Fejér’s lemma is obtained: If for a non-singular problem of 
minimizing an integral f(x, +++, moO, ++, yx )dx with integrand 
function of class C’’ the Euler system in normal form is 
Yn) Viy***, Yn), R=1, 2,+++, m; then for a problem of minimizing the 
integral f7? &(f)o(y!,---, yn) dx, where @ is of class C’’ but is otherwise 
an arbitrary function of its argument, the Euler system in normal form is 
y,= ®'/®) Fr, k=1, 2,---, m. The generalized lemma is of service in 
writing down by inspection the normal Euler equations of the important class 
of brachistochronic integrals T = 7 [ds/v(r)] by reference to the correspond- 
ing equations derived in the simple special case v(r) =r—!. A generalization of 
Fejér’s lemma for double integrals of the type //f(x, y, 2)(p, g)dxdy is also 
indicated. (Received November 8, 1933.) 


14. Professor G. Y. Rainich: Singularities on maps of surfaces. 


A map is obtained by introducing on a surface and on a plane curvilinear 
coordinates and representing points of the surface by points of the plane with 
the same coordinates; the coefficients of the two fundamental forms, given as 
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functions of coordinates, determine the surface. Do closed curves on the map 
surrounding a singular point of the coefficients correspond to closed curves on 
the surface? This question is settled by product integrals. Assuming an affirma- 
tive answer an invariant is introduced, the number of interlinkings of two sur- 
face contours corresponding to two neighboring map contours. First the 
situation in the case of a ruled surface formed by the normals to a closed curve 
is studied. Here the invariant is, in the case of a plane contour, an integral of the 
expression whose vanishing means that the ruled surface is developable. This 
result is used to express the invariant in the general case asa contour integral 
involving the fundamental forms; the integrand, in the case of a plane con- 
tour, may also be described as the difference of the two principal curvatures 
times the sine of the double angle between the direction of the contour and 
a principal direction. (Received November 9, 1933.) 


15. Professor I. A. Barnett: Transformation of an integro-dif- 
ferential equation by means of a Volterra transformation. 


The author shows that certain classes of linear integro-differential equa- 
tions may be transformed into linear differential equations by means of a 
Volterra transformation. This leads at once to an existence proof for the solu- 
tions of such equations. In fact, an explicit expression is found for the solution 
of the integro-differential equation in terms of the infinitesimal transformation 
which generates the finite Volterra transformation. (Received November 10, 
1933.) 


16. Mr. H. S. Kaltenborn: Some properties of Stieltjes inte- 
grals. 


The definition of Stieltjes integral has been modified and extended in vari- 
ous ways, and different types of Stieltjes integrals have been obtained. This 
paper is concerned with the four types discussed by H. L. Smith (Transactions 
of this Society, vol. 27 (1925), p. 491-515), which may be grouped in pairs as 
“ordinary” and “mean” integrals according to the way in which the approxi- 
mating sum is formed, the two integrals in each group being distinguished by 
the method used in passing to the limit. It is shown that the more important 
elementary properties of the ordinary integrals are also valid for the mean 
integrals. A fundamental theorem is established for the mean integrals, by 
means of which a theorem corresponding to the substitution theorem for the 
ordinary integrals is derived. Several related properties, which are valid for 
both the ordinary and mean integrals, are then derived from the substitution 
theorem. The paper concludes with some sufficient conditions for the existence 
of the mean integrals; a particular result being that the integral of f(x) with 
respect to ¢(x) exists if f(x) and ¢(x) are any two regular functions of bounded 
variation. (Received November 10, 1933.) 


17. Professor C. N. Moore: On convergence factors for double 
series that are summable of non-integral orders. 


In many questions of analysis it is of importance to determine how the 
introduction of certain factors in the terms of a series affects the behavior of 
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the series as to convergence, summability, or other general properties. Factors 
that maintain convergence for convergent series or produce convergence in 
the case of summable series are naturally designated convergence factors. In 
a previous paper (Transactions of this Society, vol. 29 (1927)) the author has 
obtained necessary and sufficient conditions for convergence factors in mul- 
tiple series that are convergent or summable by Cesaro means of integral or- 
ders. Interesting and important applications of some of these results to the 
theory of multiple factorial series may be found in a recent paper by C. R. 
Adams (Annals of Mathematics, vol. 32 (1931)). The aim of the present paper 
is to extend the theorems of the 1927 paper that concern double series to the 
case of series that are summable by means of non-integral orders. It is found 
that if the double differences occurring in the conditions of the previous the- 
orems are suitably generalized to differences of non-integral orders, the gen- 
eralized theorems may be stated in essentially the same form. The proofs, 
however, are considerably more complicated. (Received November 7, 1933.) 


18. Miss Alta Odoms: On the Ceséro mean of double Fourier 
series. 


This paper is an extension to functions of two variables of some theorems 
proved by O. Szf4sz concerning the Cesaro mean of the rth order (0<r <1) of 
the Fourier development of a function of one variable. Let the function f(x, ) 
be integrable (Z) and finite in a cross neighborhood of the point (xo, ye) under 
consideration, and let the Cesaro mean of the rth order (0 <r $1) of its Fourier 
development be denoted by S? (x, y)/C®. Further, let a and 8 be quantities 
such that 0<a<r<1,0<8<r3X1. Various results are obtained concerning the 
limits of the products of (x, y)/ by m'n®/log m, m%n"/log n, 
and m’n’/logmlogn, respectively, as m and nm become infinite. (Received 
November 7, 1933.) 


19. Dr. E. S. Akeley: An invariantive characterization of quad- 
ratic differential forms. 


Consider two quadratic differential forms: g;jdx‘dxi and hyjdx‘dxi (i, j 
=1,---,m). Let (A1,- ++, An) be the characteristic values of \ for the pencil 
hej — giz. Tf + Xn) + Xn) 40, then (Ay, , An) will form a canoni- 
cal coordinate system fore this pair of forms. If, furthermore, h;; be derived from 
gsj, then (Ax, * - + , An) can be considered as a canonical coordinate system for 
gi;dx*dxi. The case where hj; is the contracted Riemann-Christoffel tensor for 
gij Was considered in a previous paper (Abstract No. 39-5—147), where the prop- 
erties of these forms in the neighborhood of the origin were considered. In the 
present paper, exact solutions corresponding to non-degenerate quadratic forms 
have been found. (Received November 13, 1933.) 


20. Mr. E. H. Hanson: A new proof of a theorem of Denjoy, 
Young, and Saks. 


It was shown by A. Denjoy (Journal de Mathématiques, (7), vol. 1 (1915), 
p. 105) that at every point, with the possible exception of a set of Lebesgue 
measure zero, the Dini derivatives of a continuous function satisfy one of the 
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following relations: (1) all four derivatives are finite and equal; (2) the two 
upper derivatives are + ©, and the two lower derivatives are — ~; (3) the 
upper derivative on one side is + ©, the lower derivative on the other side is 
—, and the other two derivatives are finite and equal. This theorem was 
shown to hold for measurable functions by G. C. Young (Proceedings of the 
London Mathematical Society, (2), vol. 15 (1916), p. 360). It was partially ex- 
tended to unrestricted functions by S. Banach (Comptes Rendus, vol. 173 
(1921), p. 457) and was first completely extended by S. Saks (Fundamenta 
Mathematicae, vol. 5 (1924), p. 98) who based his proof on the corresponding 
theorem for monotone functions (H. Lebesgue, Lecons sur l’ Intégration (1904), 
p. 128). Another proof, as yet unpublished, is due to H. Blumberg who makes 
use of the result for measurable functions. The present proof, assuming no 
knowledge of the result for special cases, proceeds along the most natural and 
direct lines and shows that no simplification is gained by formulating the proof 
for a restricted class of functions rather than for the general case. (Received 
November 13, 1933.) 


21. Professor O. E. Brown: The equivalence of n-tuples of 
matrices. Preliminary report. 


In the non-singular case, the equivalence, in the field of their elements, of 
two n-tuples of square matrices of order m depends upon the solution of a 
system of m*(n—1) linear homogeneous equations in m? variables. The vari- 
ables may be arranged as the elements of a square matrix of order m and a 
given solution of the system called a solution matrix. The given n-tuples are 
equivalent if, and only if, the system of equations has a non-singular solution 
matrix. (Received November 21, 1933.) 


22. Dr. W. E. Maier: Quadratic integral equations. 


F. Bernstein and S. Doetsch in 1922 established an integral addition the- 
orem for elliptic modular functions. Generalizing those results to elliptic theta 
functions ede ersihetoih'w —9(z w) it was found convenient to introduce the 
normalized quantity t~/*6(z, 1/t) =7(z, t). The latter admits of an identical re- 
lation with respect to z and viz. for 0<R(d), Sodor(z, t—pt) [r(z, pt) 
—43r(0, pt/4) +4]=7(z, t). (Received November 20, 1933.) 


23. Mr. W. H. Ingram: On the dynamical theory of electrical 
commutator machines. 


Following Kron, we use tensor notation and write the equations of motion 
for a slip-ring machine in the form (1): e;=Rijgi+Li;(d/dt)G@+T imn9"@", 
where I'y:mn is the ordinary Christoffel symbol and where the coordinates are 
true. A transformation to quasi-coordinates, (2): £;=a,;'(6) gi (j=1, 2,---, 
n—1), (k=1, 2,---, m—1), &.=g"=0, where @ is the privileged 
rotor position coordinate, leads to the system (3): o(d/dt)é* 
+1 (Berg, / 30) FEY, where is also a Christoffel symbol of 
the first kind. The system (3) is known to be identical with that for a commu- 
tator machine with an infinite number of commutator segments. It is now 
found to be identical with the equations of motion of a Lagrangean system 
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whose kinetic energy is expressed in terms of the £’s and @ and when the ?’s 
are regarded as moving coordinates. This suggests that the relative angular 
velocity of commutator and brush is a dynamical homologue of the angular 
velocity of a system of reference axes and that the last term in (3) may be 
called the Coriolis voltage. (Received November 20, 1933.) 


24. Dr. G. G. Estes: The lift and the moment of an arbitrary 
aerofoil Joukovsky potential. 


In this paper is taken up the problem of finding the lift and the moment of 
an arbitrary aerofoil in a flow which is according to Joukovsky’s theory. Given 
an arbitrary aerofoil, we first select a Joukovsky profile which is near the 
given profile. We then calculate the Green’s function (pole at infinity) for the 
arbitrary profile by use of the following formula due to Hadamard: 6G 
=—(1/(27)) $(dG2/dN) /dN)sNds. G2 is the value at the point A of 
the Green’s function with pole at infinity. The path of integration is the Jou- 
kovsky aerofoil. 5N is the normal variation from the Joukovsky aerofoil to 
the arbitrary aerofoil. A new labor-saving method of evaluating the above 
integral is given, and is carried through for an arbitrary aerofoil. We get the 
value of the new Green’s function (G’) at the points A by adding the variations 
given by the integral above to Gx. Using a Fourier series expansion of G’, we 
get the function conjugate to G’ (call it H’). The function that maps the region 
exterior to the arbitrary aerofoil on the interior of the unit circle is now known, 
and it is now possible to get the flow about the arbitrary aerofoil. The lift and 
the moment are then calculated by well known formulas of aerofoil theory. 
(Received November 29, 1933.) 


25. Mr. W. L. Morris: A new method for the evaluation of 
double integrals. 


The evaluation of //4f(x, y) dy dx is not always possible by simple integra- 
tion. In order to take care of the cases where simple integration is impractical, 
several methods have been devised. One is that of transformation, where a 
substitution is made on x and yin an attempt to simplify the limits of integra- 
tion. This ordinarily renders the integrand more complicated. If, however, we 
place (1) f(x, y)=J where J is the Jacobian of u, v with respect to x, y, it is 
possible to find u=u(x, y) and v=0(x, y) satisfying (1). Then [faf(x, y) dy dx 
=f4' du dv. This is a simple area integral over A’, the evaluation of which 
may be accomplished readily. One method that suggests itself is the graphical 
method. Suitable transformations for some of the more common engineering 
integrands have been obtained. It has been found that the application of some 
transformations require Riemann surfaces. The evolution of suitable mapping 
rules for each transformation, however, will permit the use of this method 
without knowledge of such surfaces. (Received November 25, 1933.) 


26. Dr. Wladimir Seidel: An extension of Cauchy's theorem. 


Let C be a closed rectifiable curve (not necessarily a Jordan curve) which 
forms the boundary of a simply connected region R in the z-plane. Denote by 
w=g(z) an analytic function in the region R which maps this region con- 
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formally on the circle |w | <1. The inverse function z=h(w) of w=g(z) is con- 
tinuous in the closed circle |w|<1. If the circumference |w|=1 is described 
in the counter clockwise sense, the corresponding point z will describe C in a 
certain orientation which we call the simple orientation of C. Under these con- 
ditions the extension of Cauchy’s theorem may be stated as follows: Let f(z) 
be a function analytic interior to R, and bounded there: |f(z)|<M, M being a 
positive constant. Then f(z) has limiting values along almost all normals to the 
curve C, defining on C a bounded measurable function f*(¢), where £ is a point of 
C, and {.f*(¢) df =0, the integration being taken along C in simple orientation. 
In the case that C is a simple Jordan curve the theorem was proved by V. V. 
Golubev, Master’s Thesis, Moscow, 1916. (Received November 29, 1933.) 


27. Dr. R. H. Cameron (National Research Fellow) : Linear 
almost periodic transformations. 


Almost periodic, mono-basal, and elementary almost periodic transforma- 
tions are the analogues in transformations of almost periodic, limit periodic, 
and actually periodic functions. In a paper to appear in the April number of the 
Transactions of this Society, the author has shown that an almost periodic 
transformation can be expressed as an infinite product of permutable mono- 
basal transformations. In the present paper it is shown that a linear almost 
periodic transformation of a Banach space into itself can be expressed as an 
infinite product of permutable elementary almost periodic transformations. 
(Received November 29, 1933.) 


28. Mr. Jacques Hammond: On capacity in potential theory. 
Preliminary report. 

In this paper it is proved that Kellogg’s definition of capacity is equivalent 
to the transfinite diameter definition, which in turn is known to be equivalent 
to several others. The corresponding two-dimensional situation is also consid- 
ered, and a new definition is proposed analogous to Kellogg’s three-dimensional 
definition. The capacities of certain sets bounded by circles are obtained. (Re- 
ceived November 27, 1933.) 


29. Dr. Hassler Whitney: A numerical equivalent of the four- 
color problem. 

Let (f:, 91), +, (Pm, dm) be pairs of positive integers, with each g;>;. 
We say they form an admissible set if there are no i and 7 such that p<; 
<qi<g;. The following theorem is equivalent to the four-color theorem. Jf 
a™),- ++, (Pme™, (R=1, 2) are two admissible sets, and n is the 
largest of the numbers p;™, g;™, then there are numbers a1, +++ , Gn, each equal 
to 1, 2, or 3, such that ap;®+ay,41+ + - + +a¢,@ 40 (mod 4), @=1, +++, mz; 
k=1, 2). (Received November 29, 1933.) 


30. Professor R. L. Jeffery: Derived numbers and approximate 


derivatives of non-measurable functions. 


The problem of the present paper has been considered for measurable func- 
tions by J. C. Burkill and U. S. Haslam-Jones, Proceedings of the London 
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Mathematical Society, (2), vol. 32, p. 346. In that paper they introduce the 
concept of \-derivates. In a later paper, Quarterly Journal of Mathematics, 
vol. 4 (1933), they use this concept, together with the idea of measurability of 
one set with respect to another, in a study of derivatives for non-measurable 
functions. The present paper obtains in a simple way the possible distribution 
of the values of the derived numbers and approximate derivatives of arbitrary 
finite functions over arbitrary sets. The discussion in no way features \-deriva- 
tives, or measurability of sets or functions, but is based on derived numbers 
over sets introduced by Saks, Fundamenta Mathematicae, vol. 5, pp. 98-104, 
and on outer measure and outer density. (Received November 25, 1933.) 


31. Dr. F. W. Perkins: The Dirichlet problem for domains with 
multiple boundary points. 


This paper contains a treatment of the Dirichlet problem by a method sug- 
gested to the author by Professor O. D. Kellogg shortly before his death. A 
concept is introduced which is somewhat analogous to the concept of “prime 
ends” as developed by Carathéodory (Uber die Begrenzung einfach zusammen- 
hingender Gebiete, Mathematische Annalen, vol. 73 (1913), pp. 322 ff.). In this 
way a part of the present theory relating to the Dirichlet problem may be ex- 
tended, for certain types of domains, so as to render possible (in assigning 
boundary conditions) a discrimination between various modes of approach to 
a multiple boundary point. (Received November 29, 1933.) 


32. Dr. Mabel Schmeiser: Some properties of arbitrary func- 
tions. 


Let f(x, y) be an arbitrary real function, P a point of the xy plane, [pa the 
interval determined by the lower and upper bounds of the values of f(x, y) as 
P is approached along the direction d, and s a given straight line in the xy 
plane. It has been proved by Henry Blumberg that at every point P of s except 
possibly at the points of a denumerable set, Ip, overlaps, laps, or abuts Ip, for 
two fixed directions a and 8 on the same side of s (Fundamenta Mathematicae, 
vol. 16 (1930), p. 77). In this paper the two directions are freed of their fixed 
positions and the result is proved valid for all pairs of directions on the same 
side of s. An example shows that for any denumerable set D on a straight line 
there exists a function for which D is the exceptional set. The extension of this 
theorem to functions of three variables, substituting a planar direction for one 
of the linear directions and a given plane for the given line s, gives as the ex- 
ceptional set an exhaustible plane set. (Received November 29, 1933.) 


33. Dr.Saunders MacLane: Abbreviated proofs in logic calculus. 


Any system of mathematical logic must be based upon certain processes of 
proof which enable new true expressions to be deduced from known formulas. 
The simplest such processes are syllogism and inference, while substitution with 
an equation or with an equivalence, the construction of a normal or half- 
normal form for any expression, and the constructive proof of an existence 
theorem are other logical processes in common use in mathematics. In this pa- 
per, all these processes and many others are defined precisely, and with com- 
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plete generality, on the basis of an abstract analysis of the character of 
symbolical expressions. In virtue of these definitions the conclusion of any 
process is uniquely determined by its premises. Hence in giving any proof it is 
possible to omit all intermediate conclusions, if only the processes involved are 
specified. This method of abbreviating proofs makes possible a considerable 
condensation and clarification of the usual detailed proofs of formal logic, and 
also serves as an introduction to the study of plans of proofs; that is, of the 
principles in a proof which determine the choice of the individual steps of that 
proof. Such a study opens new possibilities for the application of logic to mathe- 
matics. (Received November 25, 1933.) 


34. Dr. S. S. Wilks: The independence of estimates of variance 
in samples from Latin square lay-outs. 


Let Xue (u, v=1, 2, , r) be the element in the uth row and vth column 
of a matrix M of oy Be from a normal population having variance o?. 
Let Xe. and X.. be the means of the uth row and vth column of M — ely, 
and X the mean of all observations. Furthermore, let Xur, (u, #=1, 2, ,r) 
be any classification of the r? elements { X..} such that for each aie 2 tno 
two X’s lie in the same row or column of M, and let rX¥,=)..-; Xux Then, if 
Vr, Ve, Vt, and Ve me R. A. Fisher’s estimates of o? from the sets 5 RS 
{xe}, {Xe} and {Xue—Xe.—Xe— —X:+3X}, respectively, it is shown by 
means of nenctartelie functions that these four estimates are distributed in- 
dependently of each other. Certain generalized forms of Latin square lay-outs 
are also considered, including the “equalized random blocks” lay-out. (Re- 
ceived November 25, 1933.) 


35. Dr. H. L. Dorwart: Concerning certain reducible poly- 
nomials. 


This paper discusses the existence of the reducible polynomials mentioned 
in Theorem 16 of the paper Criteria for the irreducibility of polynomials, by 
H. L. Dorwart and Oystein Ore (Annals of Mathematics, (2), vol. 34 (1933), 
pp. 81-94). The problem of finding these polynomials is shown to be equivalent 
to a problem that occurs in the investigation of rapidly convergent series con- 
venient for the computation of logarithms, which in turn is known to be 
equivalent to a problem in diophantine analysis. (Received November 28, 
1933.) 


36. Professor I. M. Sheffer: Concerning some methods of “best 
approximation”. 


Let {¢n(x)} be a sequence of functions. A “polynomial” of order n is a 
linear combination of ¢o, - - - , én. Let there be given a method whereby for a 
given function f(x), to each u there is associated an essentially unique “poly- 
nomial” T,,(x) of order n. There may be properties of this method which sug- 
gest, for T,,(x), the use of the description “best approximation of all polynomi- 
als of order n.” Interesting examples are the well known least-square method, 
and the “best approximation” in the sense of Widder’s generalization of Tay- 
lor’s series. These two examples enjoy the following property: if we inquire 
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into the limit of T,, and write Tx=To+(Ti1—To)+ - - - +(Tn—Tn-1), then 
Ti —Ti1=cii, where the set {¥;} is independent of f(x), the c's being deter- 
mined by f(x). Then, T,=covot+ + - + +¢nn, and when 7 is increased, terms 
already present are unaltered. We shall refer to this as the property of perma- 
nence. This paper considers a large class of methods of “best approximation” 
(including the two examples mentioned) having the property of permanence. 
We examine the question of convergence in some cases, in particular lightening 
some of the conditions of Widder. (Received November 27, 1933.) 


37. Professor W. H. McEwen: Polynomials of best approxima- 
tion associated with certain problems in two dimensions. 


In this paper two problems are considered, both of which are concerned 
with the approximate representation of a function u(x, y), by means of poly- 
nomials Pn.(x, y), throughout a closed region J of the xy-plane bounded by an 
algebraic curve C. In the first, it is supposed that u vanishes identically on C, 
and the polynomials P,,,, are defined so as to vanish identically on C and at the 
same time minimize the double integral over J of the rth power (r>0) of 
|V?(u—Prn) |. In the second, u is permitted to assume arbitrary values on C, 
and the polynomials P,,, are defined so as to minimize an expression involving 
not only the integral mentioned above but also the maximum value of 
u—Pym»| on the curve C. In both cases results are developed concerning the 
convergence of the polynomials P,,, towards the value u as m and n both be- 
come infinite. (Received November 25, 1933.) 


38. Dr. D. C. Lewis, Jr. (National Research Fellow): On the 
periodic motions of dynamical systems with n degrees of freedom. 


This paper is in close relation with a paper by Birkhoff and Lewis (Annali 
di Matematica, (4), vol. 12), in which was proved the existence of infinitely 
many periodic motions in the neighborhood of a periodic motion of general 
stable type. In both papers the critical points of a certain function defined 
on an n-dimensional torus and a certain symmetric square matrix (¢;;) of in- 
variants of the Hamiltonian equations play important roles. In the present 
paper, a closer study of these yields (under suitable conditions of generality) 
information concerning the characteristic exponents of the periodic motions, 
the mere existence of which was established in the Birkhoff-Lewis paper. The 
results are especially precise in the case when )¢;;u;u; is a definite quadratic 
form. In this case it is proved among other things that there are infinitely 
many periodic motions of stable type (that is, with pure imaginary character- 
istic exponents) near the given periodic motion. (Received November 18, 1933.) 


39. Professor C. O. Oakley: Semi-linear equations. Part III: 
Convex polygons. 


It is found that any convex polygon, treated as a closed curve, can be 
represented by a semi-linear equation, that is, an equation of the form 
uot) | | =0, where the m’s are constants, and where u;=a;x +);y+G, 
4=0, 1,---, For a p-gon (p>3), a value of n=p—2 is sufficient (semi- 
linear representations of polygons need not be unique). However, for the case 
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of the triangle, p=3, the least permissible value of n is n=6. (See abstracts 
Nos. 37-5-179 and 38-1-21, for Parts I, II, Regular polygons and Irregular poly- 
gons respectively.) (Received December 1, 1933.) 


40. Professor L. W. Cohen: Lagrange multipliers for functions 
of infinitely many variables 

The existence of the Lagrange multipliers at a maximum of a function of 
infinitely many variables subject to an infinite set of auxiliary conditions is 
established. Lemmas on normal infinite determinants and associated linear 
systems of equations are proved, one of which incidentally removes a re- 
dundancy in an implicit function theorem for functions of infinitely many 
variables. (Received December 1, 1933.) 


41. Professor C. N. Moore: On criteria for Fourier constants of 
L-integrable functions of two variables. 


In a note published in the Proceedings of the National Academy of Sciences 
for September, 1933, the author has given a criterion for Fourier constants 
of L-integrable functions which is more general than several previously known 
criteria. In the present paper an analogous criterion for the Fourier cos-cos 
coefficients of L-integrable functions of two variables is obtained. For a doubly 
infinite set of constants, dmx, approaching zero when m and n become infinite 
simultaneously, or when either index becomes infinite while the other remains 
fixed, one further condition is sufficient that the series )-amn cos mx cos ny 
shall converge in the region (0<x<2x, 0<y<2z) and define there an L- 
integrable function of x and y. If we represent by A;41,r;1¢mn the double dif- 
ference of order (r+1) of the given constants which begins with the term 
@mn, Our further condition is the requirement that the double series whose gen- 
eral term is m’n"|A,+1,r414mn | shall converge for any r>0. The criterion thus 
obtained is more general than the criteria given by the author in the second 
volume of the Proceedings of the International Mathematical Congress at 
Zurich. (Received November 29, 1933.) 


42. Professors Salomon Bochner and H. F. Bohnenblust: 
Analytic functions with almost periodic coefficients. 


The authors discuss the analytic functions defined by power series of the 
form >) f(n)z", where f(t) is a uniform almost periodic function of t. When 
f(t) reduces to an exponential polynomial, f(¢) =); Nae va G(z) is the rational 
function >e,(1 ——e ay whose poles are simple and lie on the unit circle. 
In the general case the authors obtain formally an infinite series, which is not 
necessarily convergent. They show, however, that the analytic character of 
G(z) is precisely the same as if the series were convergent. The method used 
consists in replacing the multiplier (1 —ze~*»)-1 by a more suitable function, 
different from it only in those intervals for \ which contain no exponent of 
f(t). In the same manner is treated the Dirichlet series )- f(log 1) n-* and the 
Laplace integral /7e~*‘f(t)dt. The results are similar in all cases; in the last, 
for example, the following is obtained. The analytic function G(s), the continu- 
ation of /e~*f(t)dt, o>0, is uniform. Its singular points fill out exactly the 
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closure of the set {r,}, where —2, are the exponents of the u.a.p. function 
f(t). Isolated singularities are simple poles and correspond to the isolated ex- 
ponents of f(t). (Received December 1, 1933.) 


43. Professor C. R. Adams and Mr. J. A. Clarkson: Proper- 
ties of functions f(x, y) of bounded variation 


We study mainly the properties of additivity, continuity, differentiability, 
measurability, integrability, etc., of functions f(x, y) of bounded variation in 
the senses of Vitali, Hardy, Arzela, Pierpont, Fréchet, and Tonelli. Let the 
classes of functions satisfying the respective definitions be denoted by V, H, 
A, P, F, and T; our results then include the following. Functions in V, H, A, 
P, or F are additive; if both f; and f2 are in H, A, or P, fi- fz is in the same class; 
if f isin H, A, or P and is bounded away from zero, 1/f is in the same class; these 
properties are not enjoyed by the unspecified classes. If f isin P (or A or H), it 
is continuous almost everywhere and hence R-integrable; V, F, and T contain 
functions everywhere discontinuous with an arbitrarily large saltus. V, F, and 
T contain bounded functions that are non-measurable and hence not L- 
integrable. If f is in P, each of its two total variation functions is dominated by 
a summable function. If only functions continuous in x and in y are admitted, 
the classes are related in the same way as when only functions continuous in 
(x, y) are admitted; if only functions upper (or lower) semi-continuous in x and 
in y are admitted, the classes are related in substantially the same way as when 
all functions are admitted (see Clarkson and Adams, Transactions of this So- 
ciety, vol. 35 (1933), pp. 824-854). (Received November 12, 1933.) 


44. Professor C. R. Adams and Mr. J. A. Clarkson: On con- 
vergence in variation. 


Let {f.(x)} be a sequence of functions converging on aS<x<b to a limit 
function f(x) of bounded variation; let the total variation of f,(m=1, 2,3, - + - ) 
be denoted by T(f,) and that of f by T(f); then f, will be said to converge in 
variation to f on (a, b) when and only when we have T(f,) on (a, b)—>T(f) on 
(a, b). The results obtained in this paper include the following. Convergence in 
variation on (a, b), when f is continuous, implies both f,—f uniformly on (a, b) 
and T(f,) on (x’, x’’)>T(f) on (x’, x’’) uniformly with respect to x’, x’’ for 
a<x'<x'' Sb; the hypothesis of continuity here imposed upon f can neither 
be deleted nor weakened to semi-continuity. If {f,} converges in variation to 
f on (a, b) and f is >a>0 (or <—a<0), {1/f.} converges in variation to 1/f 
on (a, 6). A set of conditions sufficient to insure convergence in variation is 
given, from which it follows that the partial sum of a power series converges 
in variation to the sum of the series in any interval interior to the interval of 
convergence. (Received November 12, 1933.) 


45. Professor Philip Franklin: Derivatives of higher order as 
single limits. 


The nth derivative of a function at a point may be determined by a single 
limit involving mth differences or the values at +1 evenly spaced points. 
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However, this limit may exist without the corresponding derivative. It is 
here shown that if the analogous expression for unevenly spaced points be 
used, the existence of the limit is a necessary and sufficient condition for the 
existence of a continuous mth derivative. Applications to finite Taylor develop- 
ments are considered. (Received November 28, 1933.) 


46. Dr. E. K. Haviland: On H-functions and the distribution 
functions associated with them. 


Let x:(t), - - - , Xm(¢) be real functions bounded in (— ~, ©) and measur- 
able in every finite interval. It may be shown that if the curve X(t): 1 
=x(t),---+, Xm=Xm(t) is an H-function in the sense of Wintner, that is 


- [xm(#) ]"mdt exists for all non-negative integers m, - - - , 
Mm, then there exists a unique function ¢(£) representing the asymptotic 
relative frequency of the curve in the set E. Conversely, if X(#) possesses such 
a distribution function ¢(Z), X(¢) is an H-function, so that the H-condition is 
a necessary as well as a sufficient condition that the curve possess a distribu- 
tion function. This, together with the result of Birkhoff’s general ergodic the- 
orem, viz., that for dynamical systems possessing an integral invariant the 
H-condition is necessarily fulfilled for all solutions up to those of a space proba- 
bility zero, shows that the H-condition is not as special as it appears. If 
¢(E) £0 for all sets E containing points of the curve in the m-space, X(t) is 
called a proper H-function. Not all H-functions are proper, but if the x;(¢) are 
almost-periodic, then X(¢) is a proper H-function, and this is true also of the 
functions considered by Birkhoff. (Received November 25, 1933.) 


47. Professor V. C. Poor: Polygenic functional solutions of cer- 
tain types of integral equations. 


In this paper the uniqueness and the existence of the solution of integral 
equations of the Fredholm type are given. The region of integration is a complex 
domain or area, or a combination of both, and the solution is a polygenic func- 
tion, in general non-analytic. (Received November 22, 1933.) 


48. Dr. W. R. Thompson: On the tetradite V-function with 
application to apportionment theory. 


Defining the W-function by W(r, s, r’, s’)= 
(ristr’ts’!)] fox" (1—x)*/iy" (1—y)*"dydx, we here show that 
WV is identical with the probability that drawing at random without re- 
placements from r+s-+1 white and r’+s’+1 black balls we shall draw r+1 
white before r’+-1 black. In an article On the likelihood that one unknown proba- 
bility exceed another in view of the evidence of two samples (Biometrika, in press), 
the author has introduced a method of apportionment based on the ¥-function. 
The ball-draft theorem permits the use of a machine in such apportionment 
which may be generalized for the case of an arbitrary number of rival treat- 
ments. It is further shown that W(r, s, r’, s’‘)=W(r, r’, s, s’‘)=¥(s’, r’, 5, 1) 
=1-—W/(r’, s’, r, s). (Received November 14, 1933.) 
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49. Dr. W. R. Thompson: Recursion formulas for the tetradite 
W and the incomplete I-function. 


The object of this paper is to establish first the relation V(r, s, r’, s’) 
=W(r—-1, s, 1’, and 
secondly the relations J,(r+1, s+1) = I,(r,s+1)—(*") 
=I,(r+1, s)+( (1—p)*, where I,(u, v) is the function of Pearson and 
Miiller. The difference formulas for the other variables in W are readily ob- 
tained by use of the permutations previously given, and the J-function formu- 
las extended throughout their analytic continuation if the binomial coefficient 
symbol is generalized to include the meaning of the corresponding Gamma 
function ratio. (Received November 14, 1933.) 


50. Dr. W. T. Reid: An auxiliary theorem associated with the 
calculus of variations. 


For the problems of Lagrange, Bolza, and Mayer in the calculus of varia- 
tions, the following theorem is important: If Ey:y;=yi(x) x1 
<x is a normal extremal normal on every sub-interval x:x3(x1<x3S2), 
and which satisfies the strengthened Clebsch and Mayer conditions, then there 
exist m mutually conjugate solutions 7;;(x), ¢i;(x) of the accessory equations 
with | nei | ~0 on x:%2. The proof of this theorem originally given by Bliss re- 
quired Ei: to have an extension normal on every sub-interval (American Jour- 
nal of Mathematics, vol. 52, p. 736). Morse gave a proof for the problem of 
Lagrange that did not require this additional hypothesis (Annals of Mathe- 
matics, vol. 32, p. 567). Bliss and Hestenes (Transactions of this Society, 
vol. 35, p. 319) have used for the Mayer problem essentially the method given 
by Morse. In the present note this theorem is proved in a very simple manner, 
depending upon the method originally given by Bliss, together with a suitable 
modification of the accessory system in a neighborhood of x=. The conclu- 
sion of the theorem is obtained under the weaker hypothesis that there is an 
integer g=0 such that on every interval xx3 (x1<x3;S4%x2) there are exactly g 
linearly independent solutions 7, {i of the accessory system for which 7;=0. 
(Received November 29, 1933.) 


51. Professor Wilhelm Maier: Integral equations and elliptic 
functions. 


F. Bernstein and G. Doetsch in 1921 found an interesting connection be- 
tween modular functions and quadratic integral equations. Generalizing those 
results and representing the elliptic theta functions in normalized form, 
exp (2rizh—xh*t) =r(z, t) for R(t) >0, we find der(z, t—pt)[r(z, pt) 
—4r(0, pt/4) +3] =7(z, Dealing with analytic functions, defined by integral 
equations, the role of singular lines appears in a new aspect. Though natural 
boundaries for analytic continuation, they may admit the existence of certain 
integral mean values of the function along and even beyond the classical! do- 
main of existence. (Received November 28, 1933.) 
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52. Professor V. C. Poor: Certain fundamental notions and 
theorems in polygenic function theory. 


This paper treats two fundamental ideas, regularity and residual values. 
Sufficient conditions for the validity of the circulation theorems are obtained, 
and an extension of the circulation theorems to an annular domain. This ex- 
tension or lemma is used in proving that in the definition for the residue of a 
polygenic function an arbitrary contour may be used, which in the limit con- 
tracts to a point. Finally two theorems are obtained: The residue of a polygenic 
function, regular in a domain, D, is zero at every point of the domain. Regu- 
larity in the Stolz sense is a sufficient condition for an areal derivative in the 
Pompeiu sense. (Received November 22, 1933.) 


53. Professor Dunham Jackson: Note on relations connecting 
certain cases of convergence in the mean. 


When a sequence of approximating polynomials or trigonometric sums is 
determined by a criterion of closest approximation which requires the mini- 
mizing of an integral containing a power of the error, theorems on the uniform 
convergence of the approximation can be regarded in some cases as setting up 
a relationship between the convergence properties of two measures of the dis- 
crepancy between the approximating sum and the function approximated, 
namely the mean value of the power of the error which enters into the integral 
on the one hand and the maximum error on the other. This note points out that 
the proof of such a theorem yields at the same time a comparison of conver- 
gence properties in which the two measures of discrepancy involved are the 
means of two different powers of the error. (Received November 13, 1933.) 


54. Professor Marston Morse: Instability and transitivity. 


A dynamical system is said to be regionally transitive if there exists a mo- 
tion whose closure is the whole of phase space. The work of Birkhoff, Hopf, 
Koopman, von Neumann, P. Smith, and others has thrown much light on ques- 
tions of transitivity. However, it is not yet known in the analytic case whether 
regional transitivity implies metric transitivity. The previous examples of 
regional or metric transitivity have been special in character. The present 
paper shows that a general type of geodesic motion is regionally transitive. 
The geodesics considered lie on any closed Riemannian 2-dimensional manifold 
R of genus p>1. A sufficient condition that such a system be regionally transitive 
is that the geodesics on R be uniformly unstable. Instability is defined in terms 
of the equation of normal variation from a given geodesic. In the case where the 
geodesics on R are uniformly unstable the geodesics whose limit motions in- 
clude all motions have the power of the continuum. The present paper defines 
relative transitivity and shows that it always exists among the minimizing geo- 
desics of a suitable class 2 on R. When the system is uniformly unstable, 2 
becomes the set of all geodesics on R, and relative transitivity becomes regional 
transitivity. (Received November 29, 1933.) 
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55. Professor G. C.Evans: A necessary and sufficient condition 
for a regular point. 


Let f(e) be a distribution of positive mass, finite in total amount, on a do- 
main T, of boundary #, whose Newtonian potential is U(M). The masses ob- 
tained by the sweeping out process, applied to T, according to de la Vallée 
Poussin converge in the weak sense to a mass y(e), and the potential converges 
to a limiting function Vo(M). Let the potential of u(e) be V(M). Then V(M) 
< V.(M), but the average of V(M) on any spherical surface is the same as that 
of Vo(M). Hence it may be deduced that a necessary and sufficient condition 
that a point Q of ¢ be regular for T is that V(Q) = Vo(Q) = U(Q) for arbitrary 
f(e). A sufficient condition is a similar equation, where f(e) is a single point 
mass. (Received December 1, 1933.) 


56. Professors Einar Hille and J. D. Tamarkin: On the 
theory of Laplace integrals. II. 


Starting from the theory of multiplication of Laplace integrals the authors 
derive a simple method of analytic continuation of such functions based upon 
representations of the form [y(z) dA, (u). Here 0 is an absolutely 
convergent Laplace integral. The choice u(z) = (2 +8), 6 large, gives a method 
essentially equivalent to the typical means of order a@ of the first kind. M. 
Riesz has shown that the corresponding abscissa of convergence oo(a) is a 
convex function of a. The same is true for the abscissas of uniform and of 
absolute convergence, ou(@) and oa(a). For the Riemann zeta function 
Ga(a) =1—a, a=0, and o,(a) =}—a, a=}. The interval 0 <<a<} offers all the 
customary difficulties encountered in the critical strip. (Received November 
22, 1933.) 


57. Professor D. V. Widder: Necessary and sufficient condi- 
tions for the representation of a function by a doubly infinite 
Laplace integral. 

We prove in this note that the integral equation u(x) = [“,e"d8(u) has an 
increasing solution 8(u) if and only if the double integral //u(x+-y) g(x) g(y) dxdy 
is positive (definite or semidefinite). (Received November 15, 1933.) 


58. Mr. W. C. Randels: On the summability of the conjugate 
series. 

In this note a method of summability is exhibited which is regular and F- 
effective without being L-effective. The method is similar to that used by 
Paley, Rosskopf, and the author in the analogous problem for Fourier series, 
in a paper shortly to appear in this Bulletin. (Received November 22, 1933.) 


59. Mr. M. F. Rosskopf: Some inequalities for non-uniformly 
bounded ortho-normal polynomials. Preliminary report. 


An important theorem of Young-Hausdorff-F. Riesz on the Fourier coeffi- 
cients of a function relative to a set of uniformly bounded ortho-normal poly- 
nomials fails to hold in the case of certain types of polynomials which are not 
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uniformly bounded. The present paper deals with the extension of this theorem 
to the cases of non-uniformly bounded ortho-normal polynomials such as Le- 
gendre, Jacobi, Hermite, Laguerre, and general Tschebycheff polynomials. 
(Received November 21, 1933.) 


60. Professor A. E. Landry: On the ordered quadrilaterals in- 
and circumscribed to the plane rational quartic curve (R#) with 
triangular symmetry. Preliminary report. 


There are two kinds of (ordered) quadrilaterals in- and circumscribed to 
R;‘ with triangular symmetry, the one self-symmetric as to a line of symmetry 
of the curve, the other having no such symmetry. The number, reality, and 
location of the first kind have been determined by a student of the author and 
the results published in a doctor’s dissertation (June, 1932); the present in- 
vestigation deals with the same questions for the unsymmetric quadrilaterals. 
It was found possible to reduce the problem to a final equation in ¢ of the fifth 
degree. (Received November 27, 1933.) 


61. Dr. G. A. Hedlund (National Research Fellow): Transi- 
tive geodesics on closed orientable surfaces of genus greater than one. 


The existence of transitive geodesics on certain closed orientable surfaces 
of genus greater than one and everywhere non-positive curvature is known. To 
study the geodesics on such a surface it is desirable to map the covering surface 
conformally into the unit circle. The existence of transitive geodesics can be 
proved under the hypothesis that the geodesics and the arcs of circles orthogo- 
nal to the unit circle are in one-to-one correspondence in a certain sense. Ev- 
erywhere non-positive curvature implies this condition, but the converse is not 
true. The existence of transitive geodesics can then be proved in the presence 
of regions of positive curvature provided these regions are properly restricted. 
(Received November 28, 1933.) 


62. Professor Philip Franklin: Geodesics on polyhedral sur- 
faces. 


This paper is concerned with the existence of geodesic lines on a surface of 
genus zero, having a finite number of conical points. (Received November 28, 
1933.) 


63. Professor J. L. Synge: On the deviation of geodesics and 
null-geodesics particularly in relation to the properties of spaces 
of constant curvature and indefinite line-element. 


The equation of deviation of geodesics and null-geodesics is obtained very 
simply. It is applied to give a geometrical interpretation of the Riemannian 
curvature of a 2-element. For spaces of constant curvature the equation of 
deviation can be integrated. If the line-element is indefinite, there emanate 
from a point both convergent and divergent pencils of geodesics, there being 
convergence only for those directions which make eK positive, e being the indi- 
cator (+1) of the pencil (that is, the factor required to make the corresponding 
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value of the fundamental form positive) and K being the constant curvature. 
It follows that in space-time with signature +-+-+—, of constant positive 
curvature, all space-like geodesics are closed curves of constant length, but 
time-like geodesics diverge exponentially. Null-geodesics diverge linearly in a 
space of constant curvature. (Received November 25, 1933.) 


64. Dr. W. W. Flexner: The intersection of chains on a topo- 
logical manifold. 


In the present paper the author extends his recent investigations (Annals 
of Mathematics, (2), vol. 32 (1931)) of topological manifolds to the general 
case, viz., to intersecting chains Cp and C, (s=p+q—n>0). It is in two parts: 
(1) the construction on the topological manifold, M,, of an intersection cycle, 
r,, using any given covering of M, by n-cells; (2) the proof that any other cycle, 
I; , constructed from the same or a different covering is homologous to I, 
about the geometric intersection of Cp, and C, provided the deformations giving 
r,and I! were small enough. (1) I, is constructed piecemeal, using the classical 
theory on one n-cell of the covering after another. The boundaries of the pieces 
can be connected by arbitrarily small singular s-chains on M, giving the cycle. 
(2) The same sort of construction using chains of a dimension higher gives a 
chain C,,:-T,—I'/ . (Received November 8, 1933.) 


65. Dr. Deane Montgomery (National Research Fellow): 
Operations on plane sets. 


Sierpinski has recently (Mathematica, vol. 5 (1931)) summarized the 
known results concerning a problem which he formulates as follows: Given a 
property ? of linear point sets and a plane set E, ',(Z) is the set of all points q 
on the x-axis such that the vertical line through g cuts E in a set having prop- 
erty p. The problem is to determine the class of T',(Z) for various classes of 
‘sets E and various properties p. The present paper studies as properties p the 
property of being of the second category, the property of having positive 
measure, and the property of being at the same time an F, and a G;. Several 
different classes of sets E are considered, and an application is made to the 
theory of implicit functions. (Received November 20, 1933.) 


66. Mr. N. E. Steenrod: Characterizations of certain finite 
curve-Sums. 


The notion of derived aggregates of a closed subset of a compact metric 
space with respect to a class of closed point sets has been introduced by Why- 
burn (American Journal of Mathematics, vol. 54, pp. 169-175). He establishes 
the following: In order that the continuous curve M be expressible as the sum 
of a finite number of K-curves (where K is some class of continuous curves) it 
is necessary that, for some integer u, the mth derived aggregate of M with 
respect to K-curves be vacuous. In the present paper the condition is shown 
to be sufficient in case K is the class of perfect continuous curves, regular 
curves, acyclic curves, or boundaries of plane domains. From this it follows 
that every continuum containing no continuum of condensation and every 
baum im kleinen curve may be expressed as the sum of two acyclic curves. 
(Received November 28, 1933.) 


48 ABSTRACTS OF PAPERS [January, 


67. Professor S. S. Cairns: Completely regular approximations 
to regular manifolds. 


For the terms regular and completely regular manifold we refer to abstract 
No. 39-5-151, this Bulletin. In the present paper we prove the following ap- 
proximation theorem. Let M, be a regular r-manifold in n-space. Then, for any 
positive values (d, e) however small, there exists a completely regular r-mani- 
fold M/ , homeomorphic with M, in such a way that (1) the distance between 
any two corresponding points (P, Q) on M, and M; is less than e, and (2) if P 
is at distance d or more from the irregularities on M,, then the direction 
cosines of the tangent r-plane (see The direction cosines of a p-space in euclidean 
n-space, American Mathematical Monthly, vol. 39 (1932), pp. 518-523) to 
M, at P differ by less than e from the corresponding direction cosines at Q. 
The manifold M; can be made of class C™, for any m. With the aid of a 
polyhedral approximation theorem (abstract No. 39-1-44), the proof is reduced 
to the case where M, is a simplicial polyhedron. In that case, M; can be made 
to coincide with M, at all points of any k-simplex, sz, which are at distance 
greater than d from the boundary of s:(k=1, - - - , r). (Received December 1, 
1933.) 


68. Dr. A. H. Black: Further non-involutorial Cremona space 
transformations contained in a special linear complex. 


Consider two pencils of surfaces |F| and |F’| of orders m and n’, which 
contain a straight line d as an (n—1)- and (x’ —1)-fold basis element. Make the 
surfaces of each pencil projective with the points of d. A point P will determine 
a surface F passing throug P, hence a point O on d, and a surface F’. The line 
PO intersects F’ in just one point other than O, the point P’ which is the 
image of P. The general transformation and several special cases are found and 
discussed. (Received December 1, 1933.) 


69. Mr. Garrett Birkhoff: The topology of transformation-sets. 


The (1, 1) bicontinuous transformations of many spaces, including com- 
pact and open manifolds, into themselves, can be connected into continuous 
groups homeomorphic with subsets of Hilbert space. A study of the explicit 
content of this fact interrelates closely the convergence properties of abstract 
spaces and the convergence properties of sets of transformations between them. 
(Received November 24, 1933.) 


70. Mr. Garrett Birkhoff: Hausdorff groupoids. 


Associated with any Hausdorff space is a topological invariant, namely the 
Hausdorff space of its (1-1) transformations under a suitable definition of 
continuity. If the points of the primitive Hausdorff space are isolated, this defi- 
nition coincides with Kneser’s, and we have special applications. Notably, the 
group of any algebraic extension of an enumerable commutative ring is a 
Cantor set, metric in the sense of van Dantzig, and possessed of a regular mass- 
function. Certain related facts concerning groups of importance in algebra are 
also discussed. (Received November 13, 1933.) 
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71. Professor Harry Levy: Linearly connected manifolds and 
ennuples of curves. 


We give here a treatment of linearly connected manifolds based on ennuples 
of curves. In place of the coefficients of connection we associate with an en- 
nuple of components a set of functions, invariant under transforma- 
tions of coordinates. If the ennuple is replaced by a new ennuple of components 
a‘t=t8 pi, the invariants yg, are determined by the equations 
127 py = Veet ply tort atg/axi. On the basis of this law of transformation we 
are able to develop an absolute calculus very similar to that of Ricci. Among 
the results we obtain is that one can always select an ennuple whose invariants 
are zero along a curve, whereas a linearly connected space does not necessarily 
admit a coordinate system in which the coefficients of connection are zero at 
a point. We set up functions analogous to the curvature tensor and torsion 
tensor and discover identities which are generalizations of the well known 
identities and where and 
Bjxm, are the Ricci-Christoffel 4 and 5 index symbols of a Riemannian space. 
Further results are obtained in the case of pseudo-euclidean space, that is, a 
space of zero curvature but not necessarily of zero torsion. (Received Novem- 
ber 28, 1933.) 


72. Professor Harry Levy: Curvatures in Riemannian space. 


For a curve in ordinary space it is well known that 1/p=limp’.p ¢/s and 
1/r= +limp’.p 6/s, where 1/p is the curvature, 1/7 the torsion, s the arc be- 
tween P and P’, two points of the curve, ¢ the angle between the tangents at 
P and P’, and 6 the angle between the binormals. In this note we give an ex- 
tension of these relations to a curve in Riemannian space. (Received November 
28, 1933.) 


73. Dr. L. A. Dye and Professor F. R. Sharpe: The Bertini 
transformations of space. 


This paper demonstrates the existence of space involutorial transformations 
such that in each plane of a pencil of invariant planes there is a Bertini trans- 
formation. In one type, 6 of the 8 fundamental points of the Bertini transfor- 
mation lie on a Cs, p=3, the other 2 being either fixed or variable on the axis 
of the pencil of planes. In another type, 6 of the fundamental points lie on a 
Ce, p=4, and the Bertini transformation is degenerate. A third transformation 
is discussed in which there is a net of invariant quartic surfaces through a Cu, 
p=14. The method used in obtaining this last transformation leads also to an 
involutorial transformation with a net of invariant surfaces of order n+1 
through a Csn_s of genus 12n—19. This type has on each plane of a pencil of 
invariant planes a Geiser transformation having the 7 fundamental points on 
the Csn_3. (Received November 10, 1933.) 


74, Professor J. L. Synge: Mechanical models of spaces with 


positive-definite line-element. 


The object of the present paper is to draw attention to the utility of me- 
chanical models as illustrations of spaces defined topologically and metrically. 


= 


50 ABSTRACTS OF PAPERS (January, 


The configurations of a dynamical system define the points of the manifold 
and hence its topology; the kinetic energy defines the metric by ds*=2T df 
=a;dx‘dxi, this being a positive-definite form. A number of examples are 
given. (Received November 25, 1933.) 


75. Professor B. W. Jones: A test for equivalence of positive 
quaternary quadratic forms. 


--- and f’ (similarly expressed) 
are two positive quaternary quadratic forms of the same Hessian. Four new co- 
efficients are defined by ajs= —ai1 —Gi2—aiz3 —aix (¢=1, 2, 3, 4). Unitary trans- 
formations are given reducing f to a form ¢, the sum of whose coefficients 
—a;; (t¥j; 7, 7=1, 2, 3, 4, 5) is not more than the sum for any form equivalent 
to f. No more than two coefficients of ¢ can be positive. Similarly find 9’. If 
no coefficient of ¢ is positive, ¢’ is not equivalent to ¢ unless its coefficients are 
the coefficients of ¢ in some order. If just one (just two) coefficient of ¢ is 
positive, ¢’ is not equivalent to ¢ unless just one (just two) of its coefficients 
is positive, all but four of its coefficients are coefficients of ¢, and the sum of 
its coefficients is the same as the sum of the coefficients of ¢. If none of the 
above tests preclude equivalence, the transformations (which are explicitly 
stated and few in number) which can take ¢ into ¢’ may be tried. (Received 
November 25, 1933.) 


76. Professor E. V. Huntington: Independent postulates for an 
“informal Principia system with equality.” 


This paper (which is a continuation of a paper presented in June, 1933, ab- 
stract No. 39-7-235) adds to the primitive ideas explicitly mentioned in Prin- 
cipia Mathematica the idea of “equal in some undefined respect,” and discusses 
as an illustrative example a system (K, C, +, ’, =) in which K is the class of 
“verdicts” pronounced by a court upon a specified group of defendants; C is 
the subclass of “correct” verdicts; + is “or”; ’ is “not”; and = means “equal 
with respect to legal effect.” Some correct verdicts are “truistic,” and some 
incorrect verdicts are “absurd,” corresponding to the universe element and the 
zero element of a Boolean algebra, respectively. A set of independent postulates 
for such a system is given; and the distinction between the “formal” theory 
and the “informal” theory in the Principia is shown to depend upon the inclu- 
sion or rejection of a single postulate. Both these papers will appear in full in 
this Bulletin. (Received November 14, 1933.) 


77. Professor Richard Brauer: Klein’s theory of algebratc 
equations and its connection with the theory of algebras. 


In his Vorlesungen iiber das Ikosaeder, Klein gave a theory of the equations 
of the fifth degree. Later he treated the equations of the sixth and seventh 
degrees in similar manner. In his investigations it appears necessary to adjoin 
certain accessory irrationalities, which are foreign to the problem. Klein was 
led to them by special geometric devices, which left the nature of these irra- 
tionalities not clear. In this paper it is shown that the question can be treated 
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in a natural way with the help of the theory of algebras. Thus one obtains an 
insight into the nature of the accessory irrationalities. (Received December 1, 
1933.) 


78. Professor C. G. Latimer: Note on the class number in a 
rational sem1-simple algebra. 


Let J be a rational semi-simple algebra of order m, and let G be a domain of 
integrity of order n incA, employing Dickson’s definition. The finiteness of the 
number of classes of ideals in G has been shown (a) by Dr. Shover for left ideals 
in the case where cA isa division algebra (this Bulletin, vol. 39 (1933), pp. 610- 
614), and (b) by Artin for right ideals in the case where Gis maximal (Mathe- 
matisches Seminar, Hamburg, Abhandlungen, vol. 5 (1927), pp. 261-289). In 
the present note we prove the finiteness of the left ideal class number without 
the last mentioned restrictions on e// and G. An application is made to similar 
matrices. By a result due to Dr. Shover (loc. cit.) the right class number is 
equal to the left class number. (Received December 1, 1933.) 


79. Dr. H. W. Raudenbush: Ideal theory and partial differ- 
ential equations. 


The object of this paper is to establish an abstract theory of ideals of par- 
tial differential forms that will specialize to results obtained by J. F. Ritt. It 
is proved that every infinite system of forms contains a finite subset such that 
every form of the system is a root of a linear combination of forms of the 
subset with forms for coefficients. There follows a decomposition for ideals of 
forms that contain all derivatives and all roots that are forms. A solution field 
is constructed and an abstract Hilbert-Netto theorem is obtained for forms. 
(Received November 29, 1933.) 


80. Dr. D. H. Lehmer: Lacunary recurrences for Bernoulli 
numbers. 


Recent work on Fermat’s last theorem has made desirable an extension of 
the tables of Bernoulli numbers. This paper gives a number of explicit recur- 
rence formulas for B, which are particularly designed to facilitate the calcula- 
tion of these large numbers. In contrast to the recurrences used heretofore, in 
which B, was made to depend on each preceding B, the present recurrences 
have gaps so that B, may be computed from those preceding B’s whose sub- 
scripts are congruent to 7 with respect to some modulus m. The kth term of the 
recurrence, then, has the form Bn_zma(n, m, k)cz, in which a(n, m, k) is a cer- 
tain binomial coefficient, and where ¢3, - , is itself a recurring series 
of fixed order with constant coefficients, and depends only on m. As m is in- 
creased the recurrence becomes shorter, while the c’s become more compli- 
cated. The case of m=12 gives the most practical formula. The method of 
deriving these formulas is quite elementary and makes use of the Blissard- 
Lucas umbral calculus. Similar recurrences are obtained for Euler’s numbers 
and the coefficients of the tangent function. The method may also be applied 
to the coefficients of certain elliptic functions. (Received November 29, 1933.) 
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81. Professor Marie J. Weiss: On simply transitive primitive 
groups. 


Certain properties of the transitive constituents of the subgroup that fixes 
one letter of a simply transitive primitive group are analyzed in this paper. 
The chief results are embodied in the following theorems: If the subgroup that 
fixes one letter of a simply transitive primitive group has two transitive con- 
stituents of relatively prime degrees m and n, n>m, it has a transitive con- 
stituent of degree (>m) a divisor of mn. If the subgroup that fixes one letter 
of a simply transitive primitive group has a regular constituent of degree pq, 
where # and g are primes, it is of order pg. (Received November 27, 1933.) 


82. Mr. M. M. Flood: Division by non-singular matric poly- 
nomials. 


It is shown in this paper how all divisions of a matric polynomial P by a 
non-singular matric polynomial A may be obtained. Wedderburn has shown 
the existence of the division transformation in this case, and a simpler proof 
of this is included here. Some restrictions on the degree and on the coefficients 
of the quotients are found. The matric polynomial V is said to “reduce” A if 
VA is of lesser degree than A. The matric polynomial W is said to be “associ- 
ated” with A if the product WA is of the same degree as A and has leading 
coefficient unity. All polynomials associated with A are easily found and their 
degree is unique. Obviously all polynomials which reduce A are determined. 
(Received November 27, 1933.) 


83. Dr. L. M. Blumenthal (National Research Fellow): A de- 
terminant theorem obtained from the characterization of pseudo 
r-spheric sets. 


The characterization of pseudo d-cyclic sets of points given by the author 
in two recent papers (American Journal of Mathematics, vol. 54 (1932), pp. 
729-738; vol. 55 (1933), pp. 619-640) leads to a geometric proof of the following 
determinant theorem: Jf A=|r;;|, (7, 7=1, 2, ++, 2), Of order 
n >A, is such that (i) the absolute value of 1:3, ij, is less than 1, (ii) every third- 
order principal minor vanishes, (iii) at least one fourth-order principal minor 
does not vanish, then (a) no fourth-order principal minor vanishes, (b) each 1;;, 
i~*j, has the absolute value 1/2, and (c) the value of the determinant is —(1/2) 
-(3/2)"-1! (n—3). It is suggested that this theorem is the first link of a chain 
of theorems on determinants of the form A of order n>k+3, the kth link of 
which contains the following hypotheses: (i) every principal minor of order less 
than k+2 is positive, (ii) every principal minor of order k+2 vanishes, (iii) 
at least one principal minor of order k+3 does not vanish; the conclusions being 
(a) no principal minor of order k+3 vanishes, (b) each element 7;;, 147, has 
absolute value 1/(-+1), and (c) the value of the determinant is —[1/(k+1)] 
- [(k+2)/(k+1) ]"+ (n—k—2). These theorems do not seem to be in the litera- 
ture of determinant theory, and no purely algebraic method of deducing them 
is known to the author. (Received November 8, 1933.) 
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84. Dr. A. T. Craig: Correlation of indices. 


If the variables x, y, z, with mean values zero, are normally correlated, it 
is proved that the indices u=x/y, v=z/y are correlated in accord with a 
Cauchy function with linear regression and with a coefficient of correlation 
equal to the partial correlation coefficient of x and z. Extensions are made to 
more than two indices and to the case in which the components of the indices 
are non-normally correlated but possess linear regression systems. (Received 
November 25, 1933.) 


85. Dr. A. T. Craig: Note on the moments of a Bernoulli dis- 
tribution. 


Romanovsky (Biometrika, vol. 15 (1923), pp. 410-412) has given a recur- 
sion formula for the moments of the Bernoulli distribution (¢+))* about its 
mean 2p. In the present note, a simpler method of arriving at this formula is 
given. The method is further used to find a recursion formula for the moments 
of the Poisson exponential. (Received November 25, 1933.) 


86. Dr. Saunders MacLane: Problems of structure-theoretic 
type in mathematical logic. 


An analysis of the classical form of mathematical logic shows that this 
logic is concerned chiefly with the study of the detailed structure of mathe- 
matical theorems. This suggests several new types of problems, such as the 
one of finding standard methods of “translating” ordinary mathematical lan- 
guage into logic. More generally, logic may consider the structure, not only of 
a single theorem, but also of any body of mathematical doctrine, such as a 
proof or a theory. In particular, the investigation of the structure of proofs 
leads on the one hand to an analysis of many “processes” of proof, and on the 
other hand to the study of purposes of proof. By means of a number of exam- 
ples, it is shown that such purposes can be objectively analysed into com- 
pletely general “plans” and “methods.” (Received November 25, 1933.) 


87. Dr. Saunders MacLane: General properties of algebraic 
systems. 


Any algebraic variety, such as a group, a field, a group with operators, and 
the like, concerns essentially a system composed of a number of functions. 
If this notion of a system be extended to include relations as well, then we can 
say that any abstract mathematical theory consists of some system and a num- 
ber of axioms and theorems about this system. The object of this paper is the 
investigation of the properties of systems. In the first place, many typical 
algebraic concepts, such as isomorphism, homeomorphism, direct product, 
abstraction with respect to a congruence, etc., are really relations between 
systems and can be defined with complete generality. From this standpoint, 
we can prove a number of interesting theorems concerning the interconnections 
of these relations and including as special cases many well known theorems of 
algebra. One such theorem is the generalization to systems of the “second 
isomorphism theorem” for groups. Many algebraic theorems may be viewed 
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as special cases of the general theorem that any two isomorphic systems have 
the same structure. This theorem, as well as a number of similar general the- 
orems, are proved by an application of certain logical concepts; some interest- 
ing connections between algebra and mathematical logic are thereby indicated. 
(Received November 25, 1933.) 


88. Professor A. A. Albert: On a certain algebra of quantum 
mechanics. 


P. Jordan, J. von Neumann, and E. Wigner have considered certain 
commutative, non-associative algebras of quantum mechanics. Their algebras 
have finite order over the field of all real numbers, are real in the sense of 
Artin, and obey the law (xy)x?=x(yx?). In particular, any algebra M of real 
n-rowed square matrices and with multiplication in M defined as quasi- 
multiplication ab=}(a-b+b-a) of matrices a, b in M satisfies their postulates. 
Moreover they have proved that every irreducible algebra satisfying their 
properties is either an algebra M or is the algebra N of all three-rowed Her- 
mitian matrices with elements in the real Cayley algebra of order eight, multi- 
plication being again defined as quasi-multiplication of the matrices. In the 
present paper I prove that this latter algebra is a new algebra, not equivalent 
to any M above. Moreover I give a brief proof of the complicated property 
(xy)x? =x(yx?). (Received November 29, 1933.) 


89. Professor A. A. Albert: On cyclic equations of prime de- 
gree. 

If F(x) is cyclic of odd prime degree p over F and ¢ is a primitive pth root 
of unity, then F(x, e) = F(y, e), y?=c(e) =c in K = F(e), c¥d? for any d of K. 
(Compare Fricke’s Algebra, I, pp. 413-415.) But a false converse is given in the 
literature. In fact I prove that necessarily c(e*) =d*c', where d is in K and K is 
cyclic of degree m over F with generating automorphism e~—~e‘. But then con- 
versely if y?=c as above, the field F(y) is cyclic of degree pn over F and 
F(y) = F(e) X F(x), where F(x) is cyclic of degree p over F. I also show how to 
construct certain quantities c giving all cyclic F(x) so that I have in fact given 
a formal construction of all cyclic fields of odd prime degree. The results are 
used to prove that a necessary and sufficient condition that a normal division 
algebra D of degree p over F be cyclic is that D shall contain a sub-field 
F(z), 2?=g in F. (Received November 29, 1933.) 


90. Dr. R. D. James (National Research Feliow): The value 
of the constants in Waring’s problem. 


The constants which appear in the Hardy-Littlewood analysis for the num- 
ber G(k) in Waring’s problem were evaluated in a previous paper (abstract 
No. 39-3-103, this Bulletin). It was then possible to deduce new results for 
g(k). In another paper (abstract No. 39-1-26, this Bulletin) values for G(k) 
when & is odd were obtained which were an improvement on those obtained by 
the Hardy-Littlewood method. It is the purpose of the present paper to evalu- 
ate the constants of the second paper and so obtain new results for g(k) when 
k is odd. It is shown, for example, that g(7) $281, g(9) <1023; that is, all 
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numbers are sums of at most 281 seventh powers and of at most 1023 ninth 
powers. The previous results were g(7) $353 and g(9) <1252. (Received No- 
vember 29, 1933.) 


91. Professor C. H. Forsyth: An interpolation formula which 
when adjusted for rational centering of data proves to be osculatory, 


At the Atlantic City meeting of the Society in 1932, the author offered 
certain modifications for several known interpolation formulas which had the 
effect of treating given equi-spaced data as areas instead of as values concen- 
trated at the midpoints of the successive intervals. In the present paper it is 
shown that such modifications for probably the most important interpolation 
formula (Newton’s) prove to be osculatory, that is, each pair of partial inter- 
polation curves for two successive intervals of interpolation have common 
osculating circles, and therefore the same curvature (including slope) at their 
point of intersection. Hence, the whole series of interpolations over any number 
of successive intervals of interpolation will prove relatively smooth from in- 
terval to interval. Incidentally, this formula can be used to only third differ- 
ences and sti! retain the osculatory property. Heretofore, osculatory interpola- 
tion formulas were thought tc require fifth differences. (Received November 
29, 1933.) 


92. Dr. H. L. Krall: On some asymptotic relations for the char- 
acteristic values of elliptic differential equations. 


Let L(u) =Auzz+2Buzy+Cu,y+Du,+Eu,+Fu, where AC—B?>0 and 
the coefficients have continuous partial derivatives of the first three orders. 
Also let M(x) be the adjoint operator. An asymptotic relation is given for the 
characteristic values of the system L(u)=)v, M(v)=du with the boundary 
conditions u=0, v=0. A condition is also found for the characteristic values 
of the system L(u)=du with u=0 on the boundary. These results are gen- 
eralizations of the results of Geppert and Gheorghiu who discussed the case 
L(u) =uzr+Uyy+Duz+Eu,+Fu. (Received December 2, 1933.) 


93. Professor R. E. Langer: The asymptotic solutions of cer- 
tain linear ordinary differential equations of the second order. 


The ordinary differential equation du?/dz#+-p,(z, d)(du/dz) +d*p2(z, =0 
in which \ is a complex parameter and the functions ;(z, \) are expansible in 
descending powers of \ includes as special cases many equations of importance. 
Achange of variable gives it the form d?u/dz*— { 2go(z) +gi(z) +92(z, 4) }u=0 
in which qe is a series in \~!. If z is real and on an interval in which the determi- 
nations of {go(z)}1/? are distinct, the asymptotic forms of the solutions have 
been known. This paper considers the equation with the variable z complex 
and in a region within which go(z) has a zero of the second order. The asymp- 
totic forms of the solutions are derived. The paper supplements earlier ones 
by the author on equations of similar type in which, however, g:(z) was taken 
to be identically zero. (Received December 8, 1933.) 
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94. Mr. E. P. Northrop: Note on a singular integral. 


This note consists of two theorems regarding convergence in the mean of 
order 2, as m—>~, of the integral “f(u)K (x—u; m)du, where f(x) is 
an arbitrary function belonging to L2(— ©, +), and K(u; m) belongs to 
L.(—«, +) for every m. It is found that a set of necessary and sufficient 
conditions for the convergence of the integral to f(x) [to zero] is as follows: (i) 
The Fourier transform of K(u; m) is less than or equal to a constant M for all 
m and almost all «. (ii) The Fourier transform of K(u; m) converges in the 
mean of order 2 to 1 [to zero] over every finite interval. (Received December 8, 
1933). 


95. Professor J. L. Walsh: Note on the orthogonality of Tcheby- 
cheff polynomials on confocal ellipses. 

This note shows that the Tchebycheff polynomials p,(z), orthogonal on the 
interval (—1Sz5+1) with respect to the norm function (1—z?)—1/2, are 
orthogonal on every ellipse C whose foci are the points —1 and +1 with respect 
to the norm function n(z) = |1—z?|-1/2, in the sense Scn(2) Pn(2) Pm(2) |dz|=0, 
mn. (Received December 15, 1933.) 


96. Professor I. A. Barnett and Dr. D. S. Nathan: (National 
Research Fellow): Linear transformations in function space. 


The authors establish the group property for the one-parameter family of 
linear transformations in function-space generated by a given infinitesimal 
linear integral transformation in this space. They accomplish this without em- 
ploying computational methods, such as were used by Kennison (National 
Academy Proceedings, vol. 16, pp. 607-609). They then extend the result to a 
composite function-space. They also extend to a composite function-space 
Kowalewski’s results on the orthogonal group in function-space (Wiener 
Sitzungsberichte, vol. 120, II, pp. 101-109). In particular, they obtain the or- 
thogonal group in both finite and infinitesimal form; they show that a given 
infinitesimal orthogonal transformation generates a one-parameter group of 
orthogonal transformations, and they obtain the analogue of the Cayley for- 
mulas for expressing the coefficients of an orthogonal transformation in terms 
of skew-symmetric quantities. (Received December 27, 1933.) 


97. Dr. Leo Zippin: Semi-Peanian spaces. 


We investigate in Cauchy spaces (complete metric separable) the notion of 
semi-compactness: a topologic space is semi-compact if for every point x and 
any U, (neighborhood of x) there exists a V.C U, such that the boundary, 
F(V:z), is compact (or vacuous). We show first that a semi-compact Cauchy 
space can be compactified by the “addition” of a countable infinity of points. 
If the space is moreover connected and locally connected we call it semi- 
Peanian (=quasi-Peanian-+semi-compact). These spaces are characterized by 
the following property: a semi-Peanian space C can always be compactified to 
a Peanian space C* such that C*—C=H isa totally disconnected F,-set which 
is thoroughly avoidable in C*. This means that if D is any open connected subset 
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of C* then D—D-H is connected. It is interesting that C* is an invariant of C. 
As consequences of the theorem above, we have an extension to semi-Peanian 
spaces of most of the theory of Peanian spaces, including the recent work of 
Claytor on planar Peanian spaces. (Received December 27, 1933.) 


98. Dr. E. R. van Kampen: Topological characterizations of 
2-dimensional manifolds. 


Characterizations are given of the 2-sphere, 2-cell with and without boun- 
dary, 2-dimensional manifolds without boundary, infinite 2-dimensional mani- 
folds and regions of the sphere. Only those for the two types of general mani- 
folds are new. The others are to be found in two papers by Zippin in the Ameri- 
can Journal of Mathematics, vols. 52 and 55, but here the proofs are consider- 
ably simplified. The wording of the different characterizations, as well as the 
proofs, is similar to a very large extent. (Received December 27, 1933.) 


99. Professor P. A. Smith: A theorem on fixed points. 


Let S be a subspace of a cartesian S,, and such that every continuous image 
in S of every hypersphere of dimension <pm—m—1 can be deformed in S to 
a point; then every topological transformation of S into itself which is of 
period # leaves fixed at least one point. (Received December 19, 1933.) 


100. Dr. Charles Hopkins: Metabelian groups of order p™. 


The discussion is restricted chiefly to non-divisible metabelian groups G of 
order p”. These are classified primarily according to the number 1 of indepen- 
dent generating operations and secondarily according to the structure of the 
commutator subgroup. For p>2 it is proved that a basis 51, 52, --- , Sn always 
exists such that s,s}2- - - s,4=1 only when each 2 is divisible by the order 
of the corresponding s. The existence of certain categories of groups G is 
demonstrated by exhibiting a method of construction. Necessary and sufficient 
conditions that a correspondence ss] [3-15)'4, i=1,---, m, define an auto- 
morphism of G are developed. A method for constructing every automorphism 
of G is given. Several interesting applications of this theory will be presented 
in a later paper. (Received December 13, 1933.) 


101. Dr. G. D. Gore: On generalized inscribed sequences of 
surfaces. 


The theory of conjugate nets and of asymptotic families of curves on sur- 
faces was generalized by Bompiani (Rendiconti del Circolo Matematico di 
Palermo, vol. 46 (1922), p. 91). Generalizations of the classical sequences of 
Laplace were developed from Bompiani’s results by B. Segre (Annales Scien- 
tifiques de L’Ecole Normale Supérieure, vol. 44 (1927), p. 152). The present 
paper generalizes the classical inscribed sequence of Laplace and discovers a 
large class of sequences more general than those of Segre. Four types of the 
generalized inscribed sequences are inscribed in the sequences of Segre. The 
results show that the transformations of Laplace and Segre are applicable to a 
much less restricted class of surfaces than the class to which they have been 
applied. (Received December 13, 1933.) 
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102. Professor W. E. Roth: On Zehfuss matrices and applica- 
tions. 


If A=(a;), @=1, 2,---, m;j7=1, 2,--+,m), isan m Xn matrix and Bisa 
pXq matrix, then the mpXnq matrix (a;;B), whose elements occur in mn 
blocks of » rows and g columns, each of which is the corresponding element of 
B multiplied by a;;, is a Zehfuss matrix of A and B (Zehfuss, Zeitschrift fiir 
Mathematik und Physik, vol. 3 (1858), p. 298). (Rutherford recently discussed 
the conditions of equality of such matrices (this Bulletin, vol. 39 (1933), pp. 
801-808)). The transformation to certain normal forms and the characteristic 
values of Zehfuss matrices are studied; also their elementary divisors in certain 
special cases are taken up when it is assumed that those of A—XI and of 
B-—ylI are known. Application is then made to the solution of the linear 
matrix equation A;XB,+A2:XB2+ --- +A,XB,=C, and to the solution of 
the following problem: To write down explicitly the equation F(x)=0 of 
degree mn whose roots are Bj) (¢=1, 2,--+ , m; 7=1, 2,---, 
where $(A, u) is a given polynomial in \ and uw and a and f, are the roots of 
the algebraic equations f(x) =0 and g(x) =0 respectively. (Received December 
13, 1933.) 


103. Mr. K. W. Wegner: Equivalence of pairs of Hermitian 
matrices. 


Two pairs cf Hermitian matrices A, B and C, D are said to be equivalent if 
and only if there exists a non-singular matrix T such that T’AT=C and 
T'BT=D. Inthe case in which |B | #0 and |D| +0, the necessary and sufficient 
conditions for the equivalence of A, B and C, D are: (1) the elementary divisors 
of A—dB and C—ND are the same; (2) the indices of B(B-!A —AJ)” and 
D(D-!C—XI)” are the same for all positive integral m and real \. Condition (1) 
is not sufficient as has sometimes been stated. The method used is much simpler 
than that used by Muth (Journal fiir die reine und angewandte Mathematik, 
128 (1905), 302-21) in obtaining the conditions for the real equivalence of pairs 
of real symmetric matrices. It is based on the most general matrix commuta- 
tive with the classical canonical form of B-!A and D-!C, The conditions are 
easily generalized to the non-singular case in which neither of the determinants 
\pA+oB| and |pC+eD| is zero identically in p and o. The singular case is 
under consideration. (Received December 8, 1933.) 
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NEW PUBLICATIONS 
PART I. PURE MATHEMATICS 


ANDERSON (W. E.). A first course in college mathematics. New York, Harper, 
1933. 10+326 pp.+92 pp. 

BEETLE (R. D.). McGraw-Hill five-place logarithmic and trigonometric tables. 
New York, McGraw-Hill, 1933. 8+132 pp. 

BERNSTEIN (V.). Lecons sur les progrés récents de la théorie des séries de 
Dirichlet. Avec une préface de J. Hadamard. (Collection Borel.) Paris, 
Gauthier-Villars, 1933. 16+320 pp. 

Boeum (C.). See EULER (L.). 

Boupbe (H.). Mathematisch-technische Tafeln. 7te, vermehrte Auflage. Berlin, 
Springer, 1933. 105 pp. 

Bott (M.). See Carnap (R.). 

Braptey (A. D.). The geometry of repeating design and geometry of design 
for high schools. New York, Teachers College, 1933. 64-132 pp. 

BRITISH ASSOCIATION FOR THE ADVANCEMENT OF SCIENCE. Mathematical ta- 
bles. Volume 3: Minimum decompositions into fifth powers. Prepared by 
L. E. Dickson. (Published under the supervision of the British Association 
Committee for the Calculation of Mathematical Tables.) London, British 
Association, 1933. 6+368 pp. 

Brown (O. E.). See Morris (M.). 

CarnapP (R.). L’ancienne et la nouvelle logique. Traduction du Général E. 
Vouillemin, introduction de Marcel Boll. (Actualités Scientifiques et In- 
dustrielles, No. 76.) Paris, Hermann, 1933. 36 pp. 

CartTAN (E.). Sur la structure des groupes de transformations finis et continus. 
Paris, Vuibert, 1933. 

Datta (B.). The science of the Sulba. A study in early Hindu geometry. (Read- 
ership lectures for the year 1931.) Calcutta, University of Calcutta, 1932. 
16+240 pp. 

‘Davis (H. T.), edited by. Tables of the higher mathematical functions. Vol- 
ume 1. (Published as a contribution of the Waterman Institute for Sci- 
entific Research, Indiana University.) Bloomington, Ind., Principia Press, 
1933. 377+13 pp. 

Dickson (L. E.). See BriTISH ASSOCIATION FOR THE ADVANCEMENT OF ScI- 
ENCE. 

DINGLER (H.). Die Grundlagen der Geometrie. Ihre Bedeutung fiir Philoso- 
phie, Mathematik, Physik und Technik. Stuttgart, Enke, 1933. 84 pp. 

DurELt (C. V.) and Rosson (A.). Elementary calculus. Volume 1. London, 
G. Bell, 1933. 8+240 pp. 

Evuter (L.). Opera omnia. Series I: Opera mathematica. Volumen XVI, sectio 

w= I: Commentationes analyticae ad theoriam serierum infinitarum perti- 

*& nentes. Edidit C. Boehm. Leipzig, Teubner, 1933. 10+-355 pp. 

Ewinc (C. A.). Plane trigonometry. New York, McGraw-Hill, 1933. 12+166 
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Favarp (J.). Lecons sur les fonctions presque-périodiques. Préface de G. Julia. 
(Cahiers Scientifiques.) Paris, Gauthier-Villars, 1933. 8+183 pp. 

GERARD (A. E.). See THompson (S. P.). 

Gisson (G. A.) and PINKERTON (P.). Elements of analytical geometry. Chap- 
ters I-VI: The straight line. London, Macmillan, 1933. 8+-105+6 pp. 

GLIEBE (J. J.). The mathematical atom: its involution and evolution exempli- 
fied in the trisection of the angle; a problem in plane geometry. 3d edition, 
revised. San Francisco, St. Boniface Franciscan Friary, and London, 
Technical Records, 1933. 3+-87 pp. 

GopEaux (L.). Questions non résolus de géométrie algébrique. (Actualités 
Scientifiques et Industrielles, No. 77: Exposés sur l’analyse mathématique 
publiés sous la direction de J. Hadamard, I.) Paris, Hermann, 1933. 24 


pp. 

GintTHER (G.). Grundziige einer neuen Theorie des Denkens in Hegels Logik. 
Leipzig, Meiner, 1933. 226 pp. 

HADAMARD (J.). See BERNSTEIN (V.), GoDEAux (L.). 

Haun (H.). Logik, Mathematik und Naturerkennen. Wien und Leipzig, Carl 
Gerold’s Sohn, 1933. 33 pp. 

Hart (W. L.). Plane trigonometry. New York, Heath, 1933. 6+186+16 pp.; 
tables, 4-124 pp. 

HEIDEL (W. A.). The heroic age of science. The conception, ideals and methods 
of science among the ancient Greeks. Baltimore, Williams and Wilkins, 
1933. 203 pp. 

Ince (D.). God and the astronomers. Containing the Warburton Lectures, 
1931-1933. London and New York, Longmans, 1933. 13-+308 pp. 

(G.). See Favarp (J.). 

KowaLewskI (G.). Lehrbuch der héheren Mathematik. Band 3: Fortsetzung 
der Differential- und Integralrechnung. Differentialgleichungen. Differ- 
entialgeometrie. Funktionen einer komplexen Verinderlichen. Probleme 
der Variationsrechnung. Berlin, de Gruyter, 1933. 24252 pp. 

LIETZMANN (W.). Kegelschnittlehre. Leipzig, Teubner, 1933. 46 pp. 

Linpow (M.). Gewdéhnliche Differentialgleichungen. 2te Auflage. Leipzig, 
Teubner, 1933. 121 pp. 

Integralrechnung. 4te Auflage. Leipzig, Teubner, 1933. 102 pp. 

Mace (C. A.). The principles of logic. An introductory survey. London and 
New York, Longmans, 1933. 13-+388 pp. 

Morris (M.) and Brown (0. E.). Differential equations. New York, Prentice- 
Hall, 1933. 14+410 pp. 

PINKERTON (P.). See Gipson (G. A.). 

Price (E. A.). Logical sequence in plane geometry. Rapid revision by means of 
ideograms. Cambridge, University Press, 1933. 12 pp. 

RAMACHANDRAN (G. V.). See RANGANATHAN (V.). 

RANGANATHAN (V.) and RAMACHANDRAN (G. V.). Intermediate trigonometry. 
Trichinopoly, Wednesday Review Press, 1933. 225 pp. 

Rosson (A.). See DurELt (C. V.). 

ROsENBACH (J. B.) and Wurman (E. A.). College algebra. Boston, Ginn, 
1933. 12+394 pp. 
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Saks (S.). Théorie de l’intégrale. (Monografje Matematyczne, II.) Warsaw, 
Mathematical Seminar of the University of Warsaw, 1933. 7+290 pp. 

SiLBERSTEIN (L.). Causality a law of nature or a maxim of the naturalist. Lon- 
don, Macmillan, 1933. 159 pp. 

Tuompson (S. P.). Le calcul intégral et différentiel 4 la portée de tout le monde. 
Traduit de l’anglais par A. E. Gerard. 3e édition, revue et corrigée. Paris, 
Dunod, 1933. 8+290 pp. 

VERONNET (A.). Le calcul vectoriel. Cours d’algébre de mathématiques spé- 
ciales et de mathématiques générales. Préface par H. Villat. Paris, 
Gauthier-Villars, 1933. 18+252 pp. 

(H.). See VERONNET (A.). 

VouILLEMIN (E.). See CaRNapP (R.). 

WareuaM (A. L.). The foundations of the universe. London, C. W. Daniel, 
1933. 43 pp. 

Wuitan (E. A.). See ROSENBACH (J. B.). 

WittinG (A.). Integralrechnung. (Sammlung Géschen.) Berlin, de Gruyter, 
1933. 175 pp. 
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ALTER (D.), Introduction to practical astronomy. New York, Crowell, 1933. 
8+80 pp. 

APPELL (P.). Traité de mécanique rationnelle. 2e édition. Tome 5. Revue par 
R. Thiry. Paris, Gauthier-Villars, 1933. 198 pp. 

Astsury (W. T.). Fundamentals of fibre structure. London, Oxford University 
Press, 1933. 10+-187 pp. 

BieicH (F.). Stahlhochbauten, ihre Theorie, Berechnung und bauliche Ge- 
staltung. Band 2. Berlin, Springer, 1933. 5+-376 pp. 

BorcHarpt (W. G.). First course in mechanics. London, Rivingtons, 1933. 
238 pp. 

A second course in mechanics. London, Rivingtons, 1933. 

Br6tz (O.). See SCHARRER (G.). 

Brown (E. W.) and Sook (C. A.). Planetary theory. New York, Macmillar, 
and Cambridge, University Press, 1933. 12+302 pp. 

CALDERWOOD (J. P.). See Moyer (J. A.). 

CROWDER (W. F.). See Davies (G. R.). 

Davies (G. R.) and CRowpErR (W. F.). Methods of statistical analysis in the 
social sciences. New York, Wiley, and London, Chapman and Hall, 1933. 
11+355 pp. 

DENNISON (B. C.). See KARAPETOFF (V.). 

Epwarps (H. W.). Analytic and vector mechanics. (International Series in 
Physics.) New York and London, McGraw-Hill, 1933. 10+428 pp. 

Evans (R. D.). See WAGNER (C. F.). 

GEIGER (H.) und ScHEEL (K.), herausgegeben von. Handbuch der Physik. 2te 
Auflage. Band 24, Teil 1: Quantentheorie. Redigiert von A. Smekal. Ber- 
lin, Springer, 1933. 9+853 pp. 
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Gemant (A.). Liquid dielectrics. English translation by V. Karapetoff. (Na- 
tional Research Council Committee on Electrical Insulation, Monograph 
No. 2.) New York, Wiley, and London, Chapman and Hall, 1933. 94-185 
pp. 

GERLACH (WALTHER) und GERLACH (WERNER). Die chemische Emissions- 
Spektralanalyse. Teil 2. Leipzig, Voss, 1933. 191 pp. 

GERLACH (WERNER). See GERLACH (WALTHER). 

Grsson (C. R.). Electrical conceptions of today. A lucid explanation of many 
of the latest theories concerning atoms, electrons and other matters relat- 
ing to electricity. London, Seeley, Service and Company, 1933. 284 pp. 

Go.p1ncG (E. W.). Electrical measurements and measuring instruments. (En- 
gineering Degree Series.) London, Pitman, 1933. 804 pp. 

GrIMSEHL (E.). A textbook of physics. Edited by R. Tomaschek. Authorized 
translation from the 7th German edition by L. A. Woodward. Volume 3: 
Electricity and magnetism. London and Glasgow, Blackie, 1933. 14+685 
pp. 

GropzinKs! (P.) und PotsteR (H.). Getriebelehre. Band 1: Geometrische 
Grundlagen. Band 2: Angewandte Getriebelehre. (Sammlung Géschen.) 
Berlin, de Gruyter, 1933. 136+142 pp. 

GUERNER (J.). See SCHWAIGER (A.). 

GUGGENHEIM (E. A.). Modern thermodynamics by the methods of Willard 
Gibbs. London, Methuen, 1933. 16+-206 pp. 

Gustarson (T.). Uber den Magnuseffekt nach der asymptotischen hydro- 
dynamischen Theorie. (Dissertation, Lund.) Lund, Hakan Ohlssons 
Buchdruckerei, 1933. 

HARBURGER (W.). Strahlender Raum. Miinchen, Duncker und Humbolt, 1933. 
95 pp. 

HOHENEMSER (K.) und PRAGER (W.). Dynamik der Stabwerke. Eine Schwing- 
ungslehre fiir Bauingenieure. Berlin, Springer, 1933. 6-+367 pp. 

Howarp (H. B.). The stresses in aeroplane structures. London, Pitman, 1933. 
274 pp. 

INFELD (L.). Nowe drogi nauki: kwanty i materja. (Z Dziedziny Nauki i 
Techniki, Tom 2.) Warsaw, Mathesis Polskiej, 1933. 10+284 pp. 

KaRAPETOFF (V.). Experimental electrical engineering and manual for electri- 
cal testing. 4th edition, completely revised and reset. Volume 1. Revised 
by B. C. Dennison. New York, Wiley, and London, Chapman and Hall, 
1933. 28+781 pp. 

——— See Gemant (A.). 

Kine (H. W.) and Wiser (C. O.). Hydraulics. 3d edition, revised. New York, 
Wiley, and London, Chapman and Hall, 1933. 12-+292 pp. 

KLEIN (P. E.). Transformatoren und Drosseln. Berlin-Tempelhof, J. Schneider, 
1933. 83 pp. 

KuczynskI (R. R.). Fertility and reproduction. Methods of measuring the 
balance of births and deaths. New York, Falcon Press, 1932. 3+94 pp. 

LENSE (J.). Reihenentwicklung in der mathematischen Physik. Berlin, de 
Gruyter, 1933. 178 pp. 

LertEs (P.). Elektrische Musik. Leipzig, Steinkopff, 1933. 11+207 pp. 
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Lowe (E. A.). Direct and alternating currents. Theory and machinery. New 
York and London, McGraw-Hill, 1933. 13+-656 pp. 

Massey (H. S. W.). See Mort (N. F.). 

Moetwyn-Huaues (E. A.). The kinetics of reactions in solution. Oxford, 
Clarendon Press, and London, Oxford University Press, 1933. 7+313 pp. 

Morecrort (J. H.). Electron tubes and their application. New York, Wiley, 
and London, Chapman and Hall, 1933. 134-458 pp. 

Morr (N. F.) and Massey (H. S. W.). The theory of atomic collisions. (Inter- 
national Series of Monographs on Physics.) Oxford, Clarendon Press, and 
New York, Oxford University Press, 1933. 15-+-283 pp. 

Moyer (J. A. ), CALDERWOOD (J. P.), and Potter (A. A.). Elements of engi- 
neering thermodynamics. 5th edition, rewritten and reset. New York, 
Wiley, and London, Chapman and Hall, 1933. 14+192 pp. 

Nemeény1 (P.). Wasserbauliche Strémungslehre. Leipzig, Barth, 1933. 275 pp. 

PraskettT (H. H.). The place of observation in astronomy. New York, Oxford 
University Press, 1933. 32 pp. 

PotstER (H.). See Gropzinxsi (P.). 

Poncin (H.). Recherches sur le mouvement d’un fluide pesant dans un plan 
vertical. (Publications Scientifiques du Ministére de |’Air, No. 16.) Paris, 
Gauthier-Villars, 1933. 108 pp. 

Sur les cavitations de forme permanente. Préface de H. Villat. 
(Publications Scientifiques du Ministére de |’Air, No. 18.) Paris, Gauthier- 
Villars, 1933. 126 pp. 

Potter (A. A.). See Mover (J. A.). 

PRAGER (W.). See HOHENEMSER (K.). 

QuiTTNER-BERTOLASI (E.). Das Verhaltnis von Trend und Konjunkturzyklen 
als mathematisch-ékonomisches Problem. (Verdéffentlichung der Frank- 
furter Gesellschaft fiir Konjunkturforschung.) Leipzig, Hans Buske Ver- 
lag, 1933. 57 pp. 

Rapson (E. T. A.). Electrical transmission and distribution. London, Oxford 
University Press, 1933. 179 pp. 

Resta (O.). La derivazione anomola nel tiro delle artiglierie. Bologna, Azzo- 
guidi, 1933. 

RoEVER (W. H.). The Mongean method of descriptive geometry according to 
the procedure of Gino Loria. New York, Macmillan, 1933. 14+-151 pp. 

RUTHERFORD (E.). The artificial transmutation of the elements. Being the 
thirty-fifth Robert Boyle Lecture, delivered before the Oxford University 
Junior Scientific Club on June 2, 1933. London, Oxford University Press, 
1933. 12 pp. 

SALIGER (R.). Der Eisenbeton, seine Berechnung und Gestaltung. 6te erginzte 
Auflage. Leipzig, Verlag Kréner, 1933. 661 pp. 

ScHARRER (G.) und Brérz (O.). Gebaudeschwingungen. (Forschungsheft 
359.) Berlin, V. D. I. Verlag, 1933. 24 pp. 

ScHEEL (K.). See GEIGER (H.). 

ScHG6LER (R.). Die Statik und Festigkeitslehre einschliesslich der Theorie, 
Berechnungen und Konstruktionen des Eisenbetonbaues. Band 1. Leipzig, 
Verlag Voigt, 1933. 175 pp. 
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ScHWAIGER (A.). Calcul pratique des lignes de transport d’ énergie électrique: 
basse, moyenne, haute tension et lignes 4 longue distance. Traduction et 
adaptation d’aprés |’édition allemande par J. Guerner. Paris, Dunod, 
1933. 124142 pp. 

SHooK (C. A.). See Brown (E. W.). 

SmeEKAL (A.). See GEIGER (H.). 

Tutry (R.). See APPELL (P.). 

ToMASCHEK (R.). See GRIMSEHL (E.). 

Uno p (G.). Die praktische Berechnung der Stahlskelettrahmen. Berlin, Wil- 
helm Ernst, 1933. 9+-75 pp. 

Vitcat (H.). See Poncin (H.). 

Wacne_er (C. F.) and Evans (R. D.). Symmetrical components as applied to 
the analysis of unbalanced electrical circuits. New York and London, 
McGraw-Hill, 1933. 16+437 pp. 

Wareurc (E.). Lehrbuch der Experimentalphysik fiir Studierende. 23te und 
24te verbesserte Auflage. Dresden und Leipzig, Steinkopf, 1933. 484 pp. 

(C. O.). See Kine (H. W.). 

Wo Fr (R.). Geschichte der Astronomie. (Reprint of the 1877 edition.) Miin- 
chen, Oldenbourg, und Leipzig, Koehlers Antiquarium, 1933. 16+815 pp. 

Woopwarp (L. A.). See (E.). 

Wu tr (T.). Die Faden-Elektrometer. Berlin, Diimmlers Verlag, 1933. 147 pp. 


OFFICIAL COMMUNICATIONS 


: apes og of the Society have been fixed at the following 
times and places: 


The usual February Meeting in New York City will be 
omitted. 


New Yorx City, March 30-31, 1934. 
Abstracts must be in the hands of Associate Secretary J. R. Kline, 


"501 West 116th St, New York City, not later than March 9. Abstrang 


received by the Secretaries by that date will appear in the March issue 
of the Butterin, By invitation of the program committee, there will be 
a symposium on Algebraic geometry, under the leadership of Professors 
A. B. Coble, Solomon Lefschetz, Oscar Zariski, and Virgil Snyder. 


Curcaco, April 6-7, 1934. 


Abstracts must be in the hands of Associate Secretary M. H. Ingraham, 
University of Wisconsin, Madi Wis., not later March 9. Ab- 
' Stracts received by the Secretaries by that date will appear in the March 

issue of the BuLtetin. At this meeting, Professor R. E. Langer will give 
an address on The asymptotic solution of linear ordinary differential 
equations. 


Catirornia, June 20, 1934. 


Abstracts must be in the hands of Associate Secretary T. M. Putnam, 
University of California, Berkeley, Calif., not later than May 30. Ab- 
stracts received by the Secretaries by May 6 will appear in the May issue 
of the 


R. G. D. Ricwarpson, Secretary of the Society. 


Articles for insertion in the Buttettn should be addressed to E. R. 

cK, Editor of the BuLteTIn, University of California at Los An- 

eles. Reviews should be sent to W. R. Lonctey, Yale University, New 

Haven, Conn. Notes should be sent to H. W. Kuan, Ohio State Uni- 
bar Columbus, Ohio. 

Subscriptions to the Butiermn, orders for back numbers, and in- 
quiries in regard to non-delivery of current numbers should be addressed 
to the American Mathematical Society, 450-459 Ahnaip St., Menasha, 
Wis., or 501 West 116th St., New York. 

The initiation fees and the annual dues of members of the Society 
(see this Butietin, p. 322, May, 1930; and the List of Officers and 
Members, September, 1932, p. 66), are qeyabie to the Treasurer of the 
Society, Professor G. W. Mullins, 501 West 116th St, New York City. 
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